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���������� �+�D�U�G�Z�D�U�H �S�D�U�D�P�H�W�H�U�V

�:�H �F�R�Q�I�L�J�X�U�H �W�K�H �V�L�P�X�O�D�W�R�U �Z�L�W�K �W�K�H �K�D�U�G�Z�D�U�H �S�D�U�D�P�H�W�H�U�V �R�I �W�Z�R �U�H�D�O �V�\�V�W�H�P�V �Z�L�W�K �G�L�I�I�H�U��

�H�Q�W �S�U�R�F�H�V�V�R�U �D�U�F�K�L�W�H�F�W�X�U�H�V�� �Q�D�P�H�O�\ �D�Q �,�Q�W�H�O �;�H�R�Q �(������������ �Y�� �D�Q�G �D�Q �$�5�0���E�D�V�H�G �$�P�S�H�U�H

�&�R�P�S�X�W�L�Q�J �;���*�H�Q�H ���� �,�Q �R�U�G�H�U �W�R �H�Q�D�E�O�H �D �G�L�U�H�F�W �D�Q�G �I�D�L�U �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q�$�7�8�&�D�Q�G

�;�0���9�)�6�� �Z�H �X�V�H �W�K�H �S�D�U�D�P�H�W�H�U�V �L�G�H�Q�W�L�I�L�H�G �E�\ �W�K�H �F�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �R�I �W�K�H�V�H �W�Z�R �V�\�V�W�H�P�V �L�Q

�6�H�F�W�L�R�Q�������� �L�Q �W�H�U�P�V �R�I ���D�� �W�K�H �U�H�G�X�F�H�G �Y�R�O�W�D�J�H �P�D�U�J�L�Q�V �R�I �W�K�H �S�U�R�F�H�V�V�R�U�V�� ���E�� �I�D�L�O�X�U�H �S�U�R�E�D��

�E�L�O�L�W�\ �Z�K�H�Q �R�S�H�U�D�W�L�Q�J �D�W �U�H�G�X�F�H�G �P�D�U�J�L�Q�V �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V�� ���F�� �D �S�R�Z�H�U �P�R�G�H�O �W�K�D�W �H�V�W�L�P�D�W�H�V �W�K�H

�S�R�Z�H�U �D�W �W�K�H �S�O�X�J �I�R�U �G�L�I�I�H�U�H�Q�W �X�W�L�O�L�]�D�W�L�R�Q �O�H�Y�H�O�V �D�Q�G �R�S�H�U�D�W�L�Q�J �S�R�L�Q�W�V�� �D�Q�G ���G�� �W�K�H �S�H�U�I�R�U�P�D�Q�F�H

�V�H�Q�V�L�W�L�Y�L�W�\ �R�I �D�S�S�O�L�F�D�W�L�R�Q�V �G�X�H �W�R �I�U�H�T�X�H�Q�F�\ �V�F�D�O�L�Q�J��

�0�R�U�H �V�S�H�F�L�I�L�F�D�O�O�\�� �7�D�E�O�H�������V�X�P�P�D�U�L�]�H�V �W�K�H �S�D�U�D�P�H�W�H�U�V �R�I �W�K�H ��V; f �� �S�D�L�U�V ���Q�R�P�L�Q�D�O �D�Q�G

�U�H�G�X�F�H�G �P�D�U�J�L�Q�V�� �X�V�H�G �I�R�U �W�K�H �,�Q�W�H�O �D�Q�G �W�K�H �$�5�0 �S�O�D�W�I�R�U�P�V�� �7�K�H �I�D�L�O�X�U�H �S�U�R�E�D�E�L�O�L�W�\ �I�R�U �D

�V�F�K�H�G�X�O�L�Q�J �S�H�U�L�R�G �R�I300�V�H�F�R�Q�G�V�� �Z�K�H�Q �W�K�H �S�U�R�F�H�V�V�R�U�V �R�S�H�U�D�W�H �D�W �U�H�G�X�F�H�G �Y�R�O�W�D�J�H �P�D�U�J�L�Q�V

�F�R�Q�I�L�J�X�U�D�W�L�R�Q�V�� �L�VP fail = 0:000579�� �7�K�L�V �Y�D�O�X�H �Z�D�V �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �G�H�U�L�Y�H�G �L�Q �6�H�F�W�L�R�Q������

�D�I�W�H�U �U�X�Q�Q�L�Q�J �W�K�H �D�S�S�O�L�F�D�W�L�R�Q�V �I�R�U �� �F�R�Q�V�H�F�X�W�L�Y�H �G�D�\�V �Z�L�W�K�R�X�W �R�E�V�H�U�Y�L�Q�J �D�Q�\ �Q�R�G�H �F�U�D�V�K�H�V��

�:�H �D�J�D�L�Q �D�V�V�X�P�H �F�U�D�V�K �I�D�L�O�X�U�H�V ���Q�R �V�L�O�H�Q�W �G�D�W�D �F�R�U�U�X�S�W�L�R�Q�V���� �:�K�H�Q �W�K�H �&�3�8 �L�V �D�W �Q�R�P�L�Q�D�O

�F�R�Q�G�L�W�L�R�Q�V�� �L�W �R�S�H�U�D�W�H�V �Z�L�W�K �D �Q�H�J�O�L�J�L�E�O�H �I�D�L�O�X�U�H �S�U�R�E�D�E�L�O�L�W�\�� �3�R�Z�H�U �D�W �W�K�H �S�O�X�J�� �L�V �F�D�O�F�X�O�D�W�H�G

�X�V�L�Q�J �O�L�Q�H�D�U �P�R�G�H�OA + B � V 2 � f � u�� �Z�K�H�U�HA �D�Q�GB �D�U�H �S�O�D�W�I�R�U�P���V�S�H�F�L�I�L�F �F�R�Q�V�W�D�Q�W�V �R�I

�W�K�H �P�R�G�H�O��V �L�V �W�K�H �Y�R�O�W�D�J�H��f �L�V �W�K�H �I�U�H�T�X�H�Q�F�\ �D�Q�Gu �L�V �W�K�H �X�W�L�O�L�]�D�W�L�R�Q �R�I �W�K�H �S�U�R�F�H�V�V�R�U�� �)�R�U



���� �&�K�D�S�W�H�U ���� �$�G�D�S�W�L�Y�H �X�W�L�O�L�]�D�W�L�R�Q �W�K�U�H�V�K�R�O�G �I�R�U �&�O�R�X�G �&�R�P�S�X�W�L�Q�J

�)�L�J�X�U�H ��������utarget �S�H�U �S�H�U�L�R�G �I�R�U �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�O �Y�D�O�X�H�V �R�Iutarget ��0:5 � 1:0����

�W�K�H �,�Q�W�H�O �S�O�D�W�I�R�U�PA = 34:01�D�Q�GB = 18:98�� �Z�K�H�U�H�D�V �I�R�U �W�K�H �$�5�0 �S�O�D�W�I�R�U�PA = 52:48�D�Q�G

B = 34:38 ���6�H�F�W�L�R�Q����������

���������� �7�K�U�H�V�K�R�O�G �D�Q�G �F�R�V�W �F�R�Q�Y�H�U�J�H�Q�F�H

�$�7�8�&�D�G�M�X�V�W�V �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �R�I �H�D�F�K �Q�R�G�H �L�Q�G�H�S�H�Q�G�H�Q�W�O�\�� �D�G�D�S�W�V �9�0 �D�O�O�R�F�D�W�L�R�Q

�W�R �Q�R�G�H�V�� �D�Q�G �K�D�U�G�Z�D�U�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �G�\�Q�D�P�L�F �Z�R�U�N�O�R�D�G �U�H�T�X�L�U�H�P�H�Q�W�V�� �L�Q

�R�U�G�H�U �W�R �P�L�Q�L�P�L�]�H �W�K�H �F�R�V�W �I�R�U �W�K�H �R�S�H�U�D�W�R�U�� �,�W �L�V �L�P�S�R�U�W�D�Q�W �I�R�U�$�7�8�&�W�R �E�H �U�H�V�L�O�L�H�Q�W �W�R �V�X�E��

�R�S�W�L�P�D�O �L�Q�L�W�L�D�O �Y�D�O�X�H�V �R�I �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q ��utarget ���� �D�V �K�L�V�W�R�U�L�F�D�O �G�D�W�D �R�I �9�0 �E�H�K�D�Y�L�R�U �D�U�H

�Q�R�W �D�Y�D�L�O�D�E�O�H �G�X�U�L�Q�J �W�K�H �I�L�U�V�W �V�F�K�H�G�X�O�L�Q�J �S�H�U�L�R�G�V�� �7�K�H�U�H�I�R�U�H�� �D�W �W�K�L�V �I�L�U�V�W �V�H�W �R�I �H�[�S�H�U�L�P�H�Q�W�V��

�Z�H �V�H�O�H�F�W �V�H�Y�H�U�D�O �L�Q�L�W�L�D�O �Y�D�O�X�H�V �I�R�U �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q�� �D�Q�G �Z�H �V�W�X�G�\ �Z�K�H�W�K�H�U �D�Q�G �Z�L�W�K �Z�K�D�W

�G�H�O�D�\ �W�K�L�V �L�Q�L�W�L�D�O �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �F�R�Q�Y�H�U�J�H�V �W�R �P�R�U�H �F�R�V�W���H�I�I�L�F�L�H�Q�W �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �Y�D�O�X�H�V��

�:�H �V�H�O�H�F�W0:7 �D�V �W�K�H �E�D�V�H�O�L�Q�H �I�R�U �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\�� �D�V �L�W �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\ �L�Q �W�K�H �P�L�G�G�O�H

�R�I �W�K�H �U�D�Q�J�H �R�I �H�Y�D�O�X�D�W�H�G �L�Q�L�W�L�D�O �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �Y�D�O�X�H�V��

�)�L�J�X�U�H�������S�U�H�V�H�Q�W�Vutarget ���W�K�H �P�H�D�Q �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �R�I �W�K�H �Q�R�G�H�V�� �I�R�U �H�D�F�K �S�H�U�L�R�G �I�R�U

�G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�Outarget �Y�D�O�X�H�V ���G�L�I�I�H�U�H�Q�W �V�R�O�L�G �O�L�Q�H�V���� �7�K�H �G�D�V�K�H�G �O�L�Q�H�V �P�D�U�N ���I�R�U �W�K�H �L�Q�L�W�L�D�O

utarget �Z�L�W�K �W�K�H �V�D�P�H �F�R�O�R�U�� �W�K�H �W�L�P�H �R�I �F�R�Q�Y�H�U�J�H�Q�F�H �Z�L�W�K �W�K�Hutarget �W�L�P�H�V�H�U�L�H�V �I�R�U �D�Q �L�Q�L�W�L�D�O

�W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �R�I0:7��

�:�H �R�E�V�H�U�Y�H �W�K�D�W�$�7�8�&�L�V �U�H�V�L�O�L�H�Q�W �W�R �W�K�H �³�V�X�E���R�S�W�L�P�D�O�´ �F�K�R�L�F�H �R�I �W�K�H �L�Q�L�W�L�D�O �Y�D�O�X�H �R�I

utarget �� �D�V �L�W �H�Y�H�Q�W�X�D�O�O�\ �F�R�Q�Y�H�U�J�H�V �W�R �V�L�P�L�O�D�Uutarget �Y�D�O�X�H�V �L�Q �D�O�O �F�D�V�H�V�� �+�R�Z�H�Y�H�U�� �W�K�H �F�R�Q�Y�H�U��

�J�H�Q�F�H �O�D�W�H�Q�F�\ �G�H�S�H�Q�G�V �R�Q �W�K�D�W �L�Q�L�W�L�D�O �Y�D�O�X�H�� �/�R�Z�H�U �L�Q�L�W�L�D�O �Y�D�O�X�H�V ��0:5 �D�Q�G0:6�� �F�R�Q�Y�H�U�J�H �O�D�W�H�U��

�D�V�$�7�8�&�L�V �F�R�Q�V�H�U�Y�D�W�L�Y�H �Z�K�H�Q �L�Q�F�U�H�D�V�L�Q�J �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q�� �L�Q �R�U�G�H�U �W�R �D�Y�R�L�G �Q�R�G�H �R�Y�H�U��

�O�R�D�G�V�� �)�R�U �H�[�D�P�S�O�H�� �U�H�F�R�Y�H�U�L�Q�J �I�U�R�P �D �O�R�Z �L�Q�L�W�L�D�Outarget �R�I0:5 �U�H�T�X�L�U�H�V46�D�Q�G36�S�H�U�L�R�G�V �I�R�U

�W�K�H �,�Q�W�H�O �D�Q�G �$�5�0 �S�O�D�W�I�R�U�P�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �I�U�R�P �K�L�J�K�H�U



���������� �7�K�U�H�V�K�R�O�G �D�Q�G �F�R�V�W �F�R�Q�Y�H�U�J�H�Q�F�H ����

�L�Q�L�W�L�D�O �Y�D�O�X�H�V �R�Iutarget ��0:8��0:9 �D�Q�G1:0�� �L�V �T�X�L�F�N�� �D�V�$�7�8�&�G�H�F�U�H�D�V�H�V �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q

�U�D�S�L�G�O�\ �Z�K�H�Q �D�W �U�L�V�N �I�R�U �Q�R�G�H �R�Y�H�U�O�R�D�G�V�� �$�V �D�Q �H�[�D�P�S�O�H��utarget �H�V�W�L�P�D�W�L�R�Q�V �U�H�D�F�K�H�G �Z�L�W�K �L�Q�L��

�W�L�D�Outarget = 1:0 �D�Q�G0:7 ���E�D�V�H�O�L�Q�H�� �F�R�Q�Y�H�U�J�H �Z�L�W�K�L�Q �M�X�V�W11 �D�Q�G23 �S�H�U�L�R�G�V �I�R�U �W�K�H �,�Q�W�H�O �D�Q�G

�$�5�0 �Q�R�G�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �2�Y�H�U�D�O�O���$�7�8�&�D�G�M�X�V�W�V �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �Z�L�W�K�L�Q �W�K�H �U�D�Q�J�H�V �R�I

0:64 ��0:89 �D�Q�G0:64 ��0:88 �I�R�U �W�K�H �,�Q�W�H�O �D�Q�G �W�K�H �$�5�0�� �U�H�V�S�H�F�W�L�Y�H�O�\��

�)�L�J�X�U�H �������� �1�R�U�P�D�O�L�]�H�G �F�R�V�W �S�H�U �S�H�U�L�R�G �I�R�U �L�Q�L�W�L�D�O �Y�D�O�X�H�V �R�I �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �R�I0:5��0:7 �D�Q�G

1:0��

�$�S�D�U�W �I�U�R�P �W�K�H �U�H�V�L�O�L�H�Q�F�H �R�Iutarget �F�R�Q�Y�H�U�J�H�Q�F�H �W�R �W�K�H �L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�� �Z�H �D�O�V�R �V�W�X�G�\ �W�K�H

�F�R�V�W �E�U�H�D�N�G�R�Z�Q �S�H�U �S�H�U�L�R�G �I�R�U �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�Outarget �Y�D�O�X�H�V�� �W�R �H�Y�D�O�X�D�W�H �W�K�H �F�R�V�W �R�I �F�R�Q�Y�H�U��

�J�H�Q�F�H�� �:�H �S�H�U�I�R�U�P �H�[�S�H�U�L�P�H�Q�W�V �I�R�U �O�R�Z ��0:5���� �K�L�J�K ��1:0�� �D�Q�G �W�K�H �E�D�V�H�O�L�Q�H ��0:7�� �L�Q�L�W�L�D�O �Y�D�O�X�H�V

�I�R�Uutarget �� �)�L�J�X�U�H�������L�O�O�X�V�W�U�D�W�H�V �W�K�H �U�H�V�X�O�W�V�� �Z�K�H�U�H �W�K�H �J�U�H�H�Q�� �\�H�O�O�R�Z�� �E�O�X�H �D�Q�G �U�H�G �D�U�H�D�V �U�H�S�U�H��

�V�H�Q�W �W�K�H �F�R�V�W �R�I �H�Q�H�U�J�\�� �D�Q�G �W�K�H �F�R�V�W �R�I �6�/�$ �Y�L�R�O�D�W�L�R�Q�V �G�X�H �W�R �9�0 �U�H�O�R�F�D�W�L�R�Q�� �Q�R�G�H �R�Y�H�U�O�R�D�G�V

�D�Q�G �Q�R�G�H �F�U�D�V�K�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �$�O�O �F�R�V�W�V �K�D�Y�H �E�H�H�Q �Q�R�U�P�D�O�L�]�H�G�� �I�R�U �H�D�F�K �R�I �W�K�H �W�Z�R �D�U�F�K�L�W�H�F��

�W�X�U�H�V ���,�Q�W�H�O �D�Q�G �$�5�0���� �Z���U���W�� �W�K�H �W�R�W�D�O �F�R�V�W �G�X�U�L�Q�J �W�K�H �I�L�U�V�W �S�H�U�L�R�G �R�I �H�[�H�F�X�W�L�R�Q �Z�L�W�K �D�Q �L�Q�L�W�L�D�O

utarget = 0:5�� �6�L�P�L�O�D�U�O�\ �W�R �W�K�H �S�U�H�Y�L�R�X�V �I�L�J�X�U�H�� �I�R�U �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �Z�L�W�K �L�Q�L�W�L�D�Outarget = 0:5

�D�Q�G1:0 �Z�H �X�V�H �Y�H�U�W�L�F�D�O �G�D�V�K�H�G �O�L�Q�H�V �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �W�L�P�H �R�I �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q

�W�L�P�H�V�H�U�L�H�V �Z���U���W �W�R �W�K�D�W �I�R�U0:7��

�$�V �H�[�S�H�F�W�H�G�� �W�K�H �F�D�V�H �R�I �D�Q �L�Q�L�W�L�D�Outarget �R�I0:5 �L�Q�W�U�R�G�X�F�H�V �D �K�L�J�K�H�U �F�R�V�W ���G�R�P�L�Q�D�W�H�G �E�\

�W�K�H �H�Q�H�U�J�\ �F�R�V�W�� �I�R�U �E�R�W�K �S�O�D�W�I�R�U�P�V�� �F�R�P�S�D�U�H�G �Z�L�W�K �W�K�H �R�W�K�H�U �W�Z�R �F�D�V�H�V ��0:7 �D�Q�G1:0�� �I�R�U �W�K�H

�S�H�U�L�R�G�V �E�H�I�R�U�H �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q�� �D�V �W�K�H �U�H�V�X�O�W�L�Q�J �O�R�Z �X�W�L�O�L�]�D�W�L�R�Q �W�D�U�J�H�W �O�H�D�G�V

�W�R �W�K�H �D�F�W�L�Y�D�W�L�R�Q �R�I �P�R�U�H �Q�R�G�H�V�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �D�O�W�K�R�X�J�K �D �K�L�J�Kutarget ��1:0�� �D�F�K�L�H�Y�H�V �W�K�H



���� �&�K�D�S�W�H�U ���� �$�G�D�S�W�L�Y�H �X�W�L�O�L�]�D�W�L�R�Q �W�K�U�H�V�K�R�O�G �I�R�U �&�O�R�X�G �&�R�P�S�X�W�L�Q�J

�O�R�Z�H�V�W �H�Q�H�U�J�\ �F�R�V�W �G�X�U�L�Q�J �W�K�H �I�L�U�V�W �S�H�U�L�R�G�V�� �W�K�H �W�R�W�D�O �F�R�V�W �L�V �K�L�J�K�H�U �G�X�H �W�R �Q�R�G�H �R�Y�H�U�O�R�D�G�L�Q�J��

�+�R�Z�H�Y�H�U�� �R�Q�F�H �F�R�Q�Y�H�U�J�H�Q�F�H �L�V �U�H�D�F�K�H�G�� �Z�H �R�E�V�H�U�Y�H �W�K�D�W �W�K�H �H�Q�H�U�J�\ �F�R�V�W �S�D�W�W�H�U�Q �L�V �V�L�P�L�O�D�U��

�L�U�U�H�V�S�H�F�W�L�Y�H �R�I �W�K�H �L�Q�L�W�L�D�Outarget �V�H�O�H�F�W�L�R�Q�� �0�R�U�H �V�S�H�F�L�I�L�F�D�O�O�\�� �D�I�W�H�U �F�R�Q�Y�H�U�J�H�Q�F�H�� �W�K�H �U�H�O�D�W�L�Y�H

�H�Q�H�U�J�\ �F�R�V�W �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �D�O�J�R�U�L�W�K�P �L�Q�Y�R�F�D�W�L�R�Q�V �Z�L�W�K �L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�V0:5 �D�Q�G1:0�� �D�Q�G

�W�K�H �L�Q�Y�R�F�D�W�L�R�Q �Z�L�W�K0:7 �L�V �L�Q �W�K�H �R�U�G�H�U �R�I1:76%�D�Q�G1:55%�U�H�V�S�H�F�W�L�Y�H�O�\ �I�R�U �W�K�H �,�Q�W�H�O �S�O�D�W�I�R�U�P��

�7�K�H �U�H�V�S�H�F�W�L�Y�H �U�H�O�D�W�L�Y�H �H�Q�H�U�J�\ �F�R�V�W �G�L�I�I�H�U�H�Q�F�H�V �I�R�U �W�K�H �$�5�0 �S�O�D�W�I�R�U�P �D�U�H2:3%�D�Q�G1:65%�� �,�Q

�F�R�Q�F�O�X�V�L�R�Q���$�7�8�&�P�D�Q�D�J�H�V �W�R �U�H�F�R�Y�H�U �I�U�R�P �V�X�E���R�S�W�L�P�D�O �L�Q�L�W�L�D�O �Y�D�O�X�H�V �R�I �W�K�H �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q��

�D�V�\�P�S�W�R�W�L�F�D�O�O�\ �L�Q�W�U�R�G�X�F�L�Q�J �V�L�P�L�O�D�U �H�Q�H�U�J�\ �F�R�V�W �S�H�U �S�H�U�L�R�G�� �L�U�U�H�V�S�H�F�W�L�Y�H �R�I �W�K�H �Y�D�O�X�H �R�I �W�D�U�J�H�W

�X�W�L�O�L�]�D�W�L�R�Q �X�V�H�G �I�R�U �W�K�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �R�I �W�K�H �D�G�D�S�W�L�Y�H �H�V�W�L�P�D�W�L�R�Q �D�O�J�R�U�L�W�K�P�� �,�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q��

�Z�H �I�R�F�X�V �R�Q �W�K�H �W�R�W�D�O �F�R�V�W�� �D�O�V�R �L�Q�F�O�X�G�L�Q�J �6�/�$ �Y�L�R�O�D�W�L�R�Q �S�H�Q�D�O�W�L�H�V��

���������� �$�7�8�&�W�R�W�D�O �F�R�V�W �R�I �R�S�H�U�D�W�L�R�Q

�)�L�J�X�U�H �������� �1�R�U�P�D�O�L�]�H�G ���W�R�W�D�O�� �F�R�V�W �I�R�U �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�O �Y�D�O�X�H�V �R�Iutarget ��

�$�V �Z�H �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q������������ �$�7�8�&�P�D�Q�D�J�H�V �W�R �U�H�F�R�Y�H�U �I�U�R�P �V�X�E���R�S�W�L�P�D�O �L�Q�L�W�L�D�O

�Y�D�O�X�H�V �R�Iutarget �D�F�K�L�H�Y�L�Q�J�� �D�I�W�H�U �F�R�Q�Y�H�U�J�H�Q�F�H�� �D �O�R�Z �U�H�O�D�W�L�Y�H �H�Q�H�U�J�\ �F�R�V�W �G�L�I�I�H�U�H�Q�F�H �Z���U���W�� �W�K�H

�E�D�V�H�O�L�Q�H �L�Q�L�W�L�D�Outarget �F�D�V�H�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �H�Y�D�O�X�D�W�H �W�K�H �H�I�I�H�F�W�L�Y�H�Q�H�V�V �R�I�$�7�8�&�U�H�J�D�U�G�L�Q�J

�W�K�H �W�R�W�D�O �F�R�V�W�� �D�O�V�R �L�Q�F�O�X�G�L�Q�J �W�K�H �S�H�U�L�R�G�V �R�I �V�X�E���R�S�W�L�P�D�O �R�S�H�U�D�W�L�R�Q �X�Q�W�L�O �F�R�Q�Y�H�U�J�H�Q�F�H�� �)�L�J��

�X�U�H�������L�O�O�X�V�W�U�D�W�H�V �W�K�H �U�H�V�X�O�W�V�� �6�L�P�L�O�D�U�O�\ �W�R �6�H�F�W�L�R�Q������������ �Z�H �L�W�H�P�L�]�H �W�K�H �F�R�V�W �D�V �H�Q�H�U�J�\ �F�R�V�W

�D�Q�G �6�/�$ �Y�L�R�O�D�W�L�R�Q �S�H�Q�D�O�W�\ �F�R�V�W ���Q�R�G�H �F�U�D�V�K�� �9�0 �U�H�O�R�F�D�W�L�R�Q�� �Q�R�G�H �R�Y�H�U�O�R�D�G���� �)�R�U �H�D�F�K �D�U�F�K�L��

�W�H�F�W�X�U�H�� �F�R�V�W �L�V �Q�R�U�P�D�O�L�]�H�G �Z���U���W�� �W�K�H �F�R�V�W �D�F�K�L�H�Y�H�G �E�\ �V�H�W�W�L�Q�J �W�K�H �L�Q�L�W�L�D�O �Y�D�O�X�H �R�Iutarget = 0:7��

�:�H �R�E�V�H�U�Y�H �W�K�D�W �D �O�R�Z �L�Q�L�W�L�D�O �Y�D�O�X�H ��0:5�� �U�H�V�X�O�W�V �L�Q �W�K�H �K�L�J�K�H�V�W �F�R�V�W�� �I�R�U �E�R�W�K �S�O�D�W�I�R�U�P�V�� �7�K�L�V

�L�V �H�[�S�H�F�W�H�G�� �D�V �L�Q �W�K�L�V �F�D�V�H�$�7�8�&���L�� �U�H�T�X�L�U�H�V �W�K�H �O�R�Q�J�H�V�W �W�L�P�H �W�R �U�H�F�R�Y�H�U �I�U�R�P �W�K�L�V �V�X�E���R�S�W�L�P�D�O

�L�Q�L�W�L�D�O �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �Y�D�O�X�H�� �D�Q�G ���L�L�� �G�X�U�L�Q�J �W�K�L�V �W�L�P�H �W�K�H �H�V�W�L�P�D�W�H�G �W�D�U�J�H�W �&�3�8 �X�W�L�O�L�]�D�W�L�R�Q �R�I

�Q�R�G�H�V �U�H�P�D�L�Q�V �O�R�Z�H�U �W�K�D�Q �Q�H�H�G�H�G �W�R �D�F�K�L�H�Y�H �R�Y�H�U�O�R�D�G���V�D�I�H �R�S�H�U�D�W�L�R�Q �I�R�U �W�K�H �D�U�F�K�L�W�H�F�W�X�U�H �D�Q�G



���������� �&�R�P�S�D�U�L�V�R�Q �R�I �$�7�8�& �Z�L�W�K �V�W�D�W�H���R�I���W�K�H���D�U�W �S�R�O�L�F�L�H�V����

�Z�R�U�N�O�R�D�G �D�W �K�D�Q�G�� �K�H�Q�F�H �W�K�H �S�R�O�L�F�\ �D�F�W�L�Y�D�W�H�V �D �K�L�J�K�H�U �Q�X�P�E�H�U �R�I �Q�R�G�H�V�� �Z�K�L�F�K �F�R�Q�V�X�P�H �P�R�U�H

�H�Q�H�U�J�\�� �+�R�Z�H�Y�H�U�� �H�Y�H�Q �L�Q �W�K�L�V �F�D�V�H�� �W�K�H �W�R�W�D�O �F�R�V�W �L�V �R�Q�O�\2:98%�D�Q�G2:46%�K�L�J�K�H�U �F�R�P�S�D�U�H�G

�Z�L�W�K �W�K�H �E�D�V�H�O�L�Q�H �L�Q�L�W�L�D�O �Y�D�O�X�H �I�R�U �W�K�H �,�Q�W�H�O �D�Q�G �$�5�0 �Q�R�G�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �)�R�U �D�O�O �R�W�K�H�U �L�Q�L�W�L�D�O

�Y�D�O�X�H�V�� �Z�H �R�E�V�H�U�Y�H �W�K�D�W �W�K�H �F�R�V�W �L�V �V�L�P�L�O�D�U�� �I�R�U �E�R�W�K �S�O�D�W�I�R�U�P�V�� �7�K�H�V�H �U�H�V�X�O�W�V �F�R�Q�I�L�U�P �W�K�D�W

�$�7�8�&�P�D�Q�D�J�H�V �W�R �U�H�F�R�Y�H�U �Q�R�W �R�Q�O�\ �T�X�L�F�N�O�\�� �E�X�W �D�O�V�R �F�R�V�W���H�I�I�H�F�W�L�Y�H�O�\ �I�U�R�P �D�G�Y�H�U�V�H �Y�D�O�X�H�V �I�R�U

�W�K�H �L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H �R�Iutarget ��

���������� �&�R�P�S�D�U�L�V�R�Q �R�I�$�7�8�&�Z�L�W�K �V�W�D�W�H���R�I���W�K�H���D�U�W �S�R�O�L�F�L�H�V

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �F�R�P�S�D�U�H�$�7�8�&�Z�L�W�K�;�0���9�)�6�D�Q�G�/�U�0�P�W�L�Q �W�H�U�P�V �R�I �H�Q�H�U�J�\ �D�Q�G �F�R�V�W

�H�I�I�L�F�L�H�Q�F�\�� �7�K�H �V�W�D�W�L�F�D�O�O�\ �R�S�W�L�P�D�O �W�D�U�J�H�W �&�3�8 �X�W�L�O�L�]�D�W�L�R�Q �W�K�U�H�V�K�R�O�G �L�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �Z�R�U�N��

�O�R�D�G �D�Q�G �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �H�O�D�V�W�L�F�L�W�\ �R�I �W�K�H �D�U�F�K�L�W�H�F�W�X�U�H �D�O�R�Q�J �G�L�I�I�H�U�H�Q�W(V; f ) �R�S�H�U�D�W�L�Q�J �S�R�L�Q�W�V��

�2�X�U �D�S�S�U�R�D�F�K �L�Q �&�K�D�S�W�H�U�� �K�D�V �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �F�R�Q�I�L�U�P�H�G �W�K�L�V�� �D�I�W�H�U �E�U�X�W�H���I�R�U�F�H �H�Y�D�O�X�D�W�L�R�Q �R�I

�G�L�I�I�H�U�H�Q�W �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q �W�K�U�H�V�K�R�O�G�V�� �L�W �Z�D�V �G�H�W�H�U�P�L�Q�H�G �W�K�D�W �E�R�W�K�;�0���9�)�6�D�Q�G�/�U�0�P�W�L�Q�W�U�R��

�G�X�F�H �W�K�H �P�L�Q�L�P�X�P �F�R�V�W �D�W �W�K�H �H�V�V�H�Q�W�L�D�O�O�\ �W�K�H �V�D�P�H �W�D�U�J�H�W �&�3�8 �X�W�L�O�L�]�D�W�L�R�Q �W�K�U�H�V�K�R�O�G�� �Z�K�L�F�K

�L�V �H�T�X�D�O �W�R0:8 �R�Q �,�Q�W�H�O �Q�R�G�H�V �D�Q�G0:7 �R�Q �$�5�0 �Q�R�G�H�V�� �,�Q �W�K�L�V �Z�R�U�N�� �Z�H �I�R�F�X�V �R�Q �H�Y�D�O�X�D�W�L�Q�J

�Z�K�H�W�K�H�U�$�7�8�&�F�D�Q �P�D�W�F�K �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H�V�H �S�R�O�L�F�L�H�V�� �Z�K�L�F�K �Q�H�H�G �L�Q �D�G�Y�D�Q�F�H �F�K�D�U�D�F�W�H�U�L��

�]�D�W�L�R�Q �R�I �W�K�H �Z�R�U�N�O�R�D�G �W�R �G�H�U�L�Y�H �W�K�H �R�S�W�L�P�D�O �V�W�D�W�L�F �W�D�U�J�H�W �X�W�L�O�L�]�D�W�L�R�Q�� �6�X�F�K �D �F�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �L�V

�X�Q�U�H�D�O�L�V�W�L�F �I�R�U �V�H�Y�H�U�D�O �U�H�D�O���Z�R�U�O�G �V�H�W�W�L�Q�J�V�� �7�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H�V�H �S�R�O�L�F�L�H�V �L�V �K�L�J�K�O�\ �G�H�S�H�Q��
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�W�K�H �H�Q�W�L�U�H �P�R�G�H�O �I�R�U �F�R�P�S�O�H�W�H�Q�H�V�V�� �7�D�E�O�H�������V�X�P�P�D�U�L�]�H�V �W�K�H �Y�D�U�L�D�E�O�H�V �Z�H �X�V�H �L�Q �W�K�H �P�R�G�H�O�V��

�7�D�E�O�H �������� �6�X�P�P�D�U�\ �R�I �Y�D�U�L�D�E�O�H�V��

�9�D�U�L�D�E�O�H �'�H�V�F�U�L�S�W�L�R�Q

CEi;p �7�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �&�(�V �W�K�D�W �R�F�F�X�U �R�Qni �D�Wp��

CEi;p;m �7�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �&�(�V �I�R�UV Mm �D�Wp��
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m;k �7�K�H �D�O�O�R�F�D�W�H�G �&�3�8 �F�D�S�D�F�L�W�\ �R�IV Mm �D�W �W�K�Hkth �W�L�P�H�V�O�R�W��

CPUCE �7�K�H �&�3�8 �F�D�S�D�F�L�W�\ �U�H�T�X�L�U�H�G �I�R�U �O�R�J�J�L�Q�J �D�Q�G �F�R�U�U�H�F�W�L�Q�J �R�Q�H �&�(��

CPUCE
i;p �7�K�H �&�3�8 �F�D�S�D�F�L�W�\ �U�H�T�X�L�U�H�G �I�R�U �O�R�J�J�L�Q�J �D�Q�G �F�R�U�U�H�F�W�L�Q�J �&�(�V �W�K�D�W �R�F�F�X�U �R�Q

ni �D�Wp��

CPUreq
m;p �7�K�H �U�H�T�X�H�V�W�H�G �&�3�8 �F�D�S�D�F�L�W�\ �R�IV Mm �D�Wp��
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m �7�K�H �U�H�T�X�H�V�W�H�G �&�3�8 �F�D�S�D�F�L�W�\ �R�IV Mm �G�H�I�L�Q�H�G �L�Q �6�/�$��

CostW i;p
i;p �7�K�H �F�R�V�W �R�Ini �D�Wp��

Energyi;p �7�K�H �H�Q�H�U�J�\ �F�R�V�W �R�Ini �D�Wp��

k �7�K�Hkth �W�L�P�H�V�O�R�W��

K �7�K�H �Q�X�P�E�H�U �R�I �W�L�P�H�V�O�R�W�V �R�I �D �V�F�K�H�G�X�O�L�Q�J �S�H�U�L�R�G��
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M �7�K�H �Q�X�P�E�H�U �R�I �W�K�H �9�0�V��

MEM i �7�K�H �P�H�P�R�U�\ �D�P�R�X�Q�W �R�Ini ��

MEM SLA
m �7�K�H �U�H�T�X�H�V�W�H�G �P�H�P�R�U�\ �R�IV Mm �G�H�I�L�Q�H�G �L�Q �6�/�$��

N �7�K�H �Q�X�P�E�H�U �R�I �Q�R�G�H�V��

ni �7�K�Hi th �Q�R�G�H��

overhead �7�K�H �U�H�T�X�L�U�H�G �D�P�R�X�Q�W �R�I �W�L�P�H �I�R�U �O�R�J�J�L�Q�J �D�Q�G �F�R�U�U�H�F�W�L�Q�J �D �&�(��
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�W�U�R�G�X�F�L�Q�J �H�U�U�R�U�V �W�R �W�K�H �V�\�V�W�H�P�� �7�K�H �L�P�S�D�F�W �R�I �L�Q�F�U�H�D�V�H�G �U�H�I�U�H�V�K �S�H�U�L�R�G�V �L�Q �W�H�U�P�V �R�I �V�\�V�W�H�P
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�D�Q�G �U�H�V�S�H�F�W�L�Y�H�O�\ �F�R�U�U�H�F�W�L�Q�J �D �&�(�� �D�Q�GCEi;p �L�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �&�(�V �W�K�D�W �R�F�F�X�U �L�Qni �G�X�U�L�Q�J
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m;p
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�W�R �D�Q�R�W�K�H�U �Q�R�G�H �D�Q�G �U�H�V�W�D�U�W�H�G �R�Q�O�\ �L�I �W�K�L�V �L�V �H�[�S�H�F�W�H�G �W�R �L�Q�W�U�R�G�X�F�H �O�H�V�V �F�R�V�W �W�K�D�Q �U�L�V�N�L�Q�J �W�R

�O�H�D�Y�H �W�K�H �Q�R�G�H �L�Q �D�Q �R�Y�H�U�O�R�D�G�H�G �V�W�D�W�H�� �7�K�H �S�R�O�L�F�\ �V�H�O�H�F�W�V �I�R�U �U�H�D�O�O�R�F�D�W�L�R�Q �W�K�H �9�0 �W�K�D�W �Z�L�O�O

�L�Q�W�U�R�G�X�F�H �W�K�H �O�R�Z�H�V�W �F�R�V�W ���O�L�Q�H�V ������������ �)�L�Q�D�O�O�\�� �9�0�V �V�H�O�H�F�W�H�G �I�R�U �U�H�D�O�O�R�F�D�W�L�R�Q �D�U�H �D�G�G�H�G �W�R �W�K�H

�V�H�W �R�I �9�0�V �W�K�D�W �Q�H�H�G �W�R �E�H �U�H�V�F�K�H�G�X�O�H�G ��V MsForSchedulingp���� �D�Q�G �W�K�H �Z�R�U�N�O�R�D�G �L�V �X�S�G�D�W�H�G

�D�F�F�R�U�G�L�Q�J�O�\�� �7�K�L�V �L�V �U�H�S�H�D�W�H�G �X�Q�W�L�O �Q�R �9�0 �U�H�D�O�O�R�F�D�W�L�R�Q �L�V �G�H�H�P�H�G �F�R�V�W���H�I�I�H�F�W�L�Y�H ���O�L�Q�H�V ������������

�R�U �W�K�H �Q�R�G�H �L�Q �T�X�H�V�W�L�R�Q �L�V �Q�R �O�R�Q�J�H�U �F�R�Q�V�L�G�H�U�H�G �W�R �E�H �R�Y�H�U�O�R�D�G�H�G ���O�L�Q�H ������

�,�Q �W�K�H �W�K�L�U�G �V�W�H�S�� �W�K�H �S�R�O�L�F�\ �D�O�O�R�F�D�W�H�V �W�R �Q�R�G�H�V �W�K�H �9�0�V �W�K�D�W �K�D�Y�H �E�H�H�Q �V�H�O�H�F�W�H�G �I�R�U �U�H��

�D�O�O�R�F�D�W�L�R�Q �D�Q�G �Q�H�Z�O�\ �D�U�U�L�Y�L�Q�J �9�0�V�� �:�H �V�R�U�W �W�K�H �9�0�V �L�Q �W�K�HV MsForSchedulingp �V�H�W �L�Q

�G�H�F�U�H�D�V�L�Q�J �&�3�8 �X�W�L�O�L�]�D�W�L�R�Q �R�U�G�H�U �W�R �D�O�O�R�F�D�W�H �W�K�H�P �W�R �Q�R�G�H�V �Z�L�W�K �D �.�Q�D�S�V�D�F�N���O�L�N�H �D�S�S�U�R�D�F�K��

�:�H �H�V�W�L�P�D�W�H �W�K�H �H�I�I�H�F�W �R�I �D�O�O�R�F�D�W�L�Q�J �W�K�H �9�0 �D�W �K�D�Q�G �R�Q �W�K�H �F�R�V�W �R�I �H�D�F�K �Q�R�G�Hni ���H�Q�H�U�J�\

�F�R�V�W �D�Q�G �6�/�$ �Y�L�R�O�D�W�L�R�Q�V �F�R�V�W���� �D�V�V�X�P�L�Q�J �W�K�H �Q�R�G�H �Z�L�O�O �P�D�L�Q�W�D�L�Q �W�K�H�D �S�R�V�W�H�U�L�R�U�L�R�S�W�L�P�D�ORPi

�F�D�O�F�X�O�D�W�H�G �G�X�U�L�Q�J �W�K�H �I�L�U�V�W �V�W�H�S�� �(�D�F�K �9�0 �L�Q �W�K�HV MsForSchedulingp �L�V �H�Y�H�Q�W�X�D�O�O�\ �K�R�V�W�H�G

�R�Q �W�K�H �Q�R�G�H �W�K�D�W �L�Q�W�U�R�G�X�F�H�V �W�K�H �O�R�Z�H�V�W �F�R�V�W �L�Q�F�U�H�P�H�Q�W�� �7�K�L�V �V�W�H�S �K�D�VO(max(m logm; mxn)

�F�R�P�S�O�H�[�L�W�\ �Z���U���W �W�K�H �Q�X�P�E�H�Um �R�I �W�K�H �9�0�V �W�K�D�W �Z�L�O�O �E�H �K�R�V�W�H�G �R�Q �W�K�Hn �Q�R�G�H�V��

�$�W �W�K�L�V �S�R�L�Q�W�� �W�K�H �D�O�J�R�U�L�W�K�P �L�G�H�Q�W�L�I�L�H�V �R�S�S�R�U�W�X�Q�L�W�L�H�V �W�R �S�R�Z�H�U���R�I�I �Q�R�G�H�V�� �6�W�D�U�W�L�Q�J �I�U�R�P �W�K�H

�O�H�D�V�W �X�W�L�O�L�]�H�G �Q�R�G�H�� �L�W �F�K�H�F�N�V �Z�K�H�W�K�H�U �D�O�O �K�R�V�W�H�G �9�0�V �F�D�Q �E�H �D�O�O�R�F�D�W�H�G �W�R �R�W�K�H�U �Q�R�G�H�V �Z�L�W�K�R�X�W

�R�Y�H�U�O�R�D�G�L�Q�J �W�K�H�P�� �7�K�H �G�H�V�W�L�Q�D�W�L�R�Q �Q�R�G�H �I�R�U �W�K�L�V �U�H�D�O�O�R�F�D�W�L�R�Q �L�V �F�K�R�V�H�Q �X�V�L�Q�J �W�K�H �K�H�X�U�L�V�W�L�F

�G�L�V�F�X�V�V�H�G �S�U�H�Y�L�R�X�V�O�\ �Z�L�W�KO(n logn) �F�R�P�S�O�H�[�L�W�\ �Z�K�H�U�Hn �L�V �W�K�H �Q�X�P�E�H�U �R�I �W�K�H �Q�R�G�H�V �R�I �W�K�H

�G�D�W�D�F�H�Q�W�U�H��

�7�K�H �I�L�Q�D�O �V�W�H�S�� �G�H�V�F�U�L�E�H�G �L�Q �$�O�J�R�U�L�W�K�P���� �L�V �W�R �I�L�Q�G �W�K�H �R�S�W�L�P�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q �L�Q�G�H�S�H�Q��

�G�H�Q�W�O�\ �I�R�U �H�D�F�K �Q�R�G�H�� �J�L�Y�H�Q �W�K�H �9�0 �S�O�D�F�H�P�H�Q�W �I�R�U �W�K�H �Q�H�[�W �V�F�K�H�G�X�O�L�Q�J �S�H�U�L�R�G �D�Q�G �W�K�H �S�U�H�G�L�F��

�W�L�R�Q�V �I�R�U �I�X�W�X�U�H �&�3�8 �U�H�T�X�L�U�H�P�H�Q�W�V �R�I �H�D�F�K �9�0�� �7�K�H �R�S�W�L�P�D�O �Q�R�G�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �P�L�Q�L�P�L�]�H�V

�W�K�H �F�R�V�W �D�W �W�K�H �Q�R�G�H �O�H�Y�H�O�� �W�K�H�U�H�I�R�U�H �I�R�U �D �I�L�[�H�G �9�0���W�R���Q�R�G�H�V �P�D�S�S�L�Q�J �W�K�H �W�R�W�D�O �F�R�V�W �I�R�U �W�K�H

�H�Q�W�L�U�H �G�D�W�D�F�H�Q�W�U�H �D�V �Z�H�O�O�� �F�R�Q�V�L�G�H�U�L�Q�J �E�R�W�K �H�Q�H�U�J�\ �F�R�Q�V�X�P�S�W�L�R�Q �D�Q�G �S�R�W�H�Q�W�L�D�O �6�/�$ �Y�L�R�O�D�W�L�R�Q

�F�R�V�W�V�� �$�J�D�L�Q�� �Z�H �X�V�H �(�T�X�D�W�L�R�Q���������W�R �H�V�W�L�P�D�W�H �W�K�H �F�R�V�W �I�R�U �H�D�F�K �Q�R�G�H���P�H�P�R�U�\ �F�R�Q�I�L�J�X�U�D�W�L�R�Q��

�D�Q�G �D�S�S�O�\ �W�K�H �R�Q�H �W�K�D�W �L�Q�W�U�R�G�X�F�H�V �W�K�H �O�R�Z�H�V�W �F�R�V�W�� �7�K�L�V �V�W�H�S �L�V �V�L�P�L�O�D�U �W�R �W�K�H �I�L�U�V�W �V�W�H�S�� �,�Q �W�K�H

�I�L�U�V�W �V�W�H�S�� �K�R�Z�H�Y�H�U�� �Z�H �F�D�O�F�X�O�D�W�H �W�K�H�D �S�R�V�W�H�U�L�R�U�L�R�S�W�L�P�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �H�D�F�K �Q�R�G�H�� �J�L�Y�H�Q

�W�K�H �N�Q�R�Z�Q �E�H�K�D�Y�L�R�U �R�I �9�0�V �G�X�U�L�Q�J �W�K�H �S�U�H�Y�L�R�X�V �S�H�U�L�R�G�� �,�Q �W�K�L�V �V�W�H�S�� �Z�H �V�H�O�H�F�W �W�K�H �R�S�H�U�D�W�L�Q�J



���� �&�K�D�S�W�H�U ���� �'�5�$�0 �R�S�H�U�D�W�L�R�Q �D�W �U�H�G�X�F�H�G �P�D�U�J�L�Q�V �I�R�U �S�U�R�I�L�W �L�Q�F�U�H�D�V�H �R�I �F�O�R�X�G �S�U�R�Y�L�G�H�U�V��

�$�O�J�R�U�L�W�K�P ���2�Y�H�U�O�R�D�G �G�H�W�H�F�W�L�R�Q �D�Q�G �9�0 �V�H�O�H�F�W�L�R�Q �I�R�U �U�H�D�O�O�R�F�D�W�L�R�Q

�,�Q�S�X�W��ni ��Wi;p

�2�X�W�S�X�W��W lef t
i;p ��V MsForSchedulingp

���� �H�V�W�L�P�D�W�H �&�3�8 �X�W�L�O�L�]�D�W�L�R�Qui

���� �L�Iui > thr util �W�K�H�Q

���� �I�R�UV Mm �L�QWi;p �G�R

���� Costrealloc
m  

P K
k=1 SLAV realloc

i;m;k

���� �H�Q�G �I�R�U

���� �Z�K�L�O�Hui > thr util �G�R

���� Costmin  CostW i;p
i

���� V M realloc  NULL

���� �I�R�UV Mm �L�QWi;p �G�R

������ �L�ICostrealloc
m + CostW i;p �f V M m g

i < Costmin �W�K�H�Q

������ Costmin = Costrealloc
m + CostW i;p �f V M m g

i

������ V M realloc  V Mm

������ �H�Q�G �L�I

������ �H�Q�G �I�R�U

������ �L�IV M realloc ! = NULL �W�K�H�Q

������ W lef t
i;p �D�G�Gf V M realloc g

������ V MsForSchedulingp �D�G�Gf V M realloc g

������ �H�O�V�H

������ �E�U�H�D�N

������ �H�Q�G �L�I

������ �U�H���H�Y�D�O�X�D�W�Hui

������ �H�Q�G �Z�K�L�O�H

������ �H�Q�G �L�I

�S�R�L�Q�W �I�R�U �W�K�H �Q�H�[�W �S�H�U�L�R�G�� �J�L�Y�H�Q �W�K�H ���S�R�W�H�Q�W�L�D�O�O�\ �G�L�I�I�H�U�H�Q�W�� �G�X�H �W�R �U�H�D�O�O�R�F�D�W�L�R�Q �D�Q�G �D�V�V�L�J�Q�P�H�Q�W

�R�I �Q�H�Z �9�0�V�� �Z�R�U�N�O�R�D�G �R�I �W�K�H �Q�R�G�H �I�R�U �W�K�D�W �S�H�U�L�R�G�� �D�Q�G �H�V�W�L�P�D�W�L�Q�J �I�X�W�X�U�H �&�3�8 �U�H�T�X�L�U�H�P�H�Q�W�V

�R�I �W�K�H �Z�R�U�N�O�R�D�G �X�V�L�Q�J �S�D�V�W �L�Q�I�R�U�P�D�W�L�R�Q�� �7�K�L�V �V�W�H�S �K�D�VO(1) �F�R�P�S�O�H�[�L�W�\��



������ �&�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �D�Q�G �0�R�G�H�O�L�Q�J �R�I �'�5�$�0 �3�R�Z�H�U �D�Q�G �(�U�U�R�U �%�H�K�D�Y�L�R�U����

�$�O�J�R�U�L�W�K�P ���1�R�G�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �I�R�U �F�R�V�W �P�L�Q�L�P�L�]�D�W�L�R�Q
�,�Q�S�X�W��ni ��RPList

�2�X�W�S�X�W���1�R�G�Hni �F�R�Q�I�L�J�X�U�D�W�L�R�Q �D�WRP ef f icient
i

���� Costmin  1

���� RP ef f icient
i  RP nominal

i

���� �I�R�URPi �L�QRPList �G�R

���� �H�V�W�L�P�D�W�HCostWp;i
i �D�WRPi

���� �L�ICostmin > CostWp;i
i �W�K�H�Q

���� Costmin  CostWp;i
i

���� RP ef f icient
i  RPi

���� �H�Q�G �L�I

���� �H�Q�G �I�R�U

������ �F�R�Q�I�L�J�X�U�H �Q�R�G�Hni �D�WRP ef f icient
i

������ �&�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �D�Q�G �0�R�G�H�O�L�Q�J �R�I �'�5�$�0 �3�R�Z�H�U �D�Q�G

�(�U�U�R�U �%�H�K�D�Y�L�R�U

�7�K�L�V �V�H�F�W�L�R�Q �S�U�H�V�H�Q�W�V �W�K�H �G�H�W�D�L�O�V �R�I �W�K�H �'�5�$�0 �H�U�U�R�U �D�Q�G �S�R�Z�H�U �P�R�G�H�O�V �W�K�D�W �Z�H�U�H �G�H�Y�H�O��

�R�S�H�G �I�R�U �H�V�W�L�P�D�W�L�Q�JCEi;m;p ��PUE
i;m;p �D�Q�GPower(RPi;p ; ui;k ) �X�Q�G�H�U �Y�D�U�L�R�X�V �U�H�I�U�H�V�K �S�H�U�L�R�G�V �L�Q

�(�T�X�D�W�L�R�Q�V�������� �������D�Q�G���������� �U�H�V�S�H�F�W�L�Y�H�O�\��

���������� �'�5�$�0 �H�U�U�R�U �P�R�G�H�O�L�Q�J

�:�H �E�X�L�O�G �D �'�5�$�0 �H�U�U�R�U �P�R�G�H�O �W�K�D�W �F�R�Q�V�L�G�H�U�V �Q�R�W �R�Q�O�\ �W�K�H �'�5�$�0 �W�H�P�S�H�U�D�W�X�U�H �D�Q�G �W�K�H �U�H��

�I�U�H�V�K �S�H�U�L�R�G�� �D�V �S�U�L�R�U �Z�R�U�N�V �>�����������@�� �E�X�W �D�O�V�R �Z�R�U�N�O�R�D�G �V�S�H�F�L�I�L�F �I�H�D�W�X�U�H�V�� �6�X�F�K �D �P�R�G�H�O �D�O�O�R�Z�V

�X�V �W�R �G�L�V�W�L�Q�J�X�L�V�K �W�K�H �'�5�$�0 �U�H�O�L�D�E�L�O�L�W�\ �E�H�K�D�Y�L�R�U �E�D�V�H�G �R�Q �W�K�H �G�L�I�I�H�U�H�Q�W �W�U�D�F�H�V �W�K�D�W �F�D�Q �E�H �V�L�P�X��

�O�D�W�H�G �L�Q �&�O�R�X�G�6�L�P ���D�Q�G �Z�K�L�F�K �S�U�R�Y�L�G�H �L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �D�F�F�H�V�V �U�D�W�H�V �D�Q�G �P�H�P�R�U�\ �I�R�R�W�S�U�L�Q�W����

�Z�K�L�O�H �F�R�Q�V�L�G�H�U�L�Q�J �U�H�F�H�Q�W �I�L�Q�G�L�Q�J�V �W�K�D�W �V�K�R�Z �W�K�D�W �'�5�$�0 �H�U�U�R�U�V �D�U�H �Z�R�U�N�O�R�D�G���G�H�S�H�Q�G�H�Q�W �D�Q�G

�P�D�\ �Y�D�U�\ �E�\ ���[ �D�F�U�R�V�V �Z�R�U�N�O�R�D�G�V �>�����@�� �)�R�U�P�D�O�O�\�� �R�X�U �P�R�G�H�O �S�U�H�G�L�F�W�V �D �W�D�U�J�H�W �'�5�$�0 �H�U�U�R�U

�P�H�W�U�L�F ���L���H��CEi;m;p �R�UPUE
i;m;p �� �I�R�UV Mm �U�X�Q�Q�L�Q�J �R�Q �V�H�U�Y�H�Uni �G�X�U�L�Q�J �V�F�K�H�G�X�O�L�Q�J �S�H�U�L�R�Gp�� �Z�L�W�K

�'�5�$�0 �R�S�H�U�D�W�L�Q�J �D�W �U�H�I�U�H�V�K �S�H�U�L�R�GRPi;p �D�Q�G �'�5�$�0 �W�H�P�S�H�U�D�W�X�U�HTEMP �D�V��

Metric = ML (MemR
m ; MemSLA

m ; RPi;p ; TEMP ) ������������
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Figure 6.6: Percentage of nodes configured to each refresh period setting (RP ) for different

DRAM capacities and temperatures.

affecting the selection of RP is temperature. At 50�C and 60�C almost all the nodes are

configured at reduced margins, however at different refresh rates. At 50�C, the three highest

refresh periods are equally preferred. This is expected, as – at 50�C – they result to almost

the same power gains, and very similar average error rates, making the error deviation due

to application- and DIMM-to-DIMM-variance a dominant factor in the selection. At 60�C

error rates increase, and RM-DRAM avoids configuration at the highest RP , as it deems that

energy gains will not outweigh the penalty costs. At 70�C, where the probability of UEs

also increases, RM-DRAM configures some of the nodes at the nominal settings, the other

dominant refresh period being 618ms, which is the most conservative of the ones considered

in the experimental evaluation.

6.5 Related Work

As discussed in the previous chapters, much of the previous research efforts on energy

efficient cloud computing have proposed techniques such as power-aware VM consolida-

tion to pack VMs to as few nodes as possible to enable unused nodes to go to a low-power

mode [19]. More recent works introduce optimized VM consolidation algorithms that target

the reduction of migrations [28,54]. Also, the support of DVFS [41,42] onmodern processors

can improve the energy efficiency.

The previous techniques may adversely affect performance and Quality of Service (QoS)
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to the extent that they may break SLAs contracted to the Cloud provider. This is further com-

plicated by the dynamically changing workloads and resource requirements. [18] combines

DVFSwith a VMconsolidation policy to reduce power consumptionwhile preventing perfor-

mance degradation considering the DVFS configuration that would be necessary to maintain

Quality of Service. In this work, to isolate the effects due to the exploitation of memory mar-

gins and cost-aware migrations (rather than due to CPU techniques for energy efficiency),

we compare RM-DRAM against [19] (rather than [18]).

Going beyond DVFS, in our previous chapters, we have shown that the conservative CPU

voltage margins can be exploited on top of VM consolidation to further improve energy ef-

ficiency, by selectively placing VMs on nodes where the CPU is undervolted in a controlled

way to save energy without compromising performance. In this work, we focus on DRAMs

rather than CPUs. On CPUs, manifested errors usually result to node crashes or SDCs. Mem-

ory behavior is more graceful; the probability of errors can be modeled, and CEs manifest at

rates that are orders of magnitude higher compared to UEs, for realistic operating tempera-

tures and educated configuration at reduced operating points. This, in turn, calls for a signifi-

cantly different system model and the design of suitable workload- and system-management

policies. Moreover, in this work, we combine DRAM operation at reduced margins with

cost-aware, rather than threshold-based VM migration heuristics.

In our evaluation framework rather than using workload unaware DRAM error models as

in existing studies [43,44,45,46], we extend our recent workload aware DRAM error model

with power values and retrain it to consider features that are highly correlated with DRAM

reliability but can also be considered by the relevant input traces in CloudSim.



Chapter 7

Heterogeneity and approximate

computing for energy efficiency

In this Chapter, we answer the questions ”Can we apply approximate computing on HPC

applications and provide a trustful output?” and ”What are the gains of the combination of

heterogeneous and approximate computing for HPC applications?”.

Approximate computing comes to relax some of the computations of the applications to

improve the energy efficiency. It is based on the observation that the quality of the output

is not equally affected by all the parts of the application [95]. There are several application

domains, such as simulations, computer vision, etc. that can benefit from approximate com-

puting, as the relaxation of some of their computations may improve the energy efficiency

without sacrificing the quality of the output.

Hardware heterogeneity is another approach to improve performance per Watt. This is a

popular path, and the exploitation of heterogeneity and accelerator-based systems (usually

GPUs) which combine different architectures, each appropriate for specific computational

patterns, can improve the energy efficiency of HPC applications.Moreover, GPUs offer much

more computational cores than a typical CPUwith a slightly higher power consumption. This

makes GPUs superior in terms of performance per Watt, and if an application has a high

amount of parallelism and the computational pattern is GPU-friendly, the energy gains may

be significant.

Therefore, we investigate if approximate computing can improve the energy efficiency

without heavily penalizing the quality of output for HPC applications. On top of that, we

combine approximate computing with heterogeneity to enable further energy gains for HPC

101
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Table 7.1: List of benchmark applications and their characteristics.

Program Domain Iterative
Input Approximation

Quality Metric
Dependent Type

Smallpt Scene Renderer 7 3 Drop PSNR

LULESH Physics simulation 7 7 Drop Relative error

PBPI Bio-informatics 7 7 Drop Similarity of trees

CG Numerical solver 3 3 Lower accuracy Relative error

applications. The main contributions of our work are the following:

• To the best of our knowledge, this is the first work that investigates the effectiveness

of the combination of heterogeneity and approximate computing in HPC applications

considering also the trade-off between energy consumption and quality of the output.

• We evaluate our approach using both large-scale and kernel-scale applications to pro-

vide more realistic results, delivering also versions of the application that combine

heterogeneity with approximate computing.

7.1 Applications

In this section we provide an overview of applications we used to examine the bene-

fits of heterogeneity and approximate computing, and we briefly discuss the essence of the

approximation techniques we applied. Table 7.1 summarizes the applications and the respec-

tive application domains. For each application, the first two columns provide information on

algorithmic characteristics, namely whether the application is iterative – in the sense of per-

forming steps to converge to a solution, not including applications which perform time steps

– and whether its behavior is input – instead of input size – dependent. The last two columns

provide the approximation technique(s) and the quality metric used for the evaluation of re-

sults.

7.1.1 Smallpt

Smallpt [63] is a global illumination renderer that produces high quality scenes. The input

is a plain text description of the scene, containing locations for a variety of objects, light
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sources, camera positioning and reflection types of the light (diffuse, specular) and refraction.

The application renders the corresponding output scene (image) per pixel.

The core computation uses the path tracing algorithm [64] iteratively. Each iteration re-

calculates and smoothens the current scene using additional rays. The algorithm updates each

pixel of the scene computing an average color value by successively combining the effect of

a number of rays in a Monte Carlo fashion.

Approximation: The approximate computation implements the direct lightning method [65],

assuming that a ray from a light source travels directly to the destination point. In other words,

the approximate version ignores the diffuse reflections, thus it is less computationally inten-

sive compared with the accurate execution which takes into account all types of reflection.

7.1.2 LULESH

Lulesh [66] is a hydrodynamics physics simulation that solves the Sedov blast wave prob-

lem for a liquid in the 3D space using Lagrangian hydrocodes. Lulesh exploits the fact that in

hydrodynamics, liquids exhibit boundary conditions [68], and due to symmetry, it partitions

the original domain into sub-domains solving the problem in one sub-domain (one octant of

the initial domain). This is the computational region, and Lulesh solves the problem using

staggered mesh approximation [67], where the mesh is structured by cubes, and the edges

are known as nodes and their centroids as elements. We have two types of variables: a) the

thermodynamic variables such as energy and pressure , and b) kinematic variables such as

position and velocity. Lulesh calculates the thermodynamic variables at elements, while the

kinematic ones are calculated at nodes. All the variables are initialized to zero, except from

the position of the nodes and the volume of the elements. Finally, as the blast takes place in

the center of the initial domain, Lulesh sets an initial value to the energy of the element that

lies closest to the blast.

A common practice in hydrodynamics simulations is to organize the solution of the prob-

lem in a sequence of discrete time steps. Lulesh defines an explicit time stepping algorithm

and advances to the next time step tn+1 = tn + �tn to update the variables, where n is the

step number and �tn is the time increment. Then, Lulesh calculates the force at each mesh

node, considering the hourglass filter contribution. Finally, it calculates the new values of

the node variables (acceleration, velocity, position) in order to update the element variables

(artificial viscosity, pressure, energy).
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Approximation: In Lulesh, we introduce two approximations:

• We eliminate the contribution of the hourglass force for the elements that are located

far from the blast. This calculation is one of the most time consuming functions, and

it is required for the elements that are close to the blast. Our rationale is that dropping

this computation for the elements that are far from the blast is not expected to affect

solution quality significantly.

• We forward time faster (increase �tn), as Lulesh exhibits energy conservation.

7.1.3 PBPI

PBPI [69] is a high performance implementation of the Bayesian phylogenetic inference

method for DNA sequence data that estimates the likelihood of phylogenetic trees. The appli-

cation computes the tree that best represents the phylogeny according to the tree likelihood.

PBPI starts from random phylogenetic trees where they get accepted or rejected according

to their likelihood, given an iterative evolutionary process. At each iteration, the tree with

the best likelihood is modified and re-evaluated. PBPI also implements a Bayesian inference

algorithm, combined with Monte Carlo Markov Chains (MCMC).

The application uses the Felsenstein’s algorithm [70] to estimate the likelihood of a phy-

logenetic tree. This algorithm traverses the phylogenetic tree in post order to compute the

conditional probabilities of the molecular sequence alignment of each internal node, from the

corresponding conditional probabilities of its children. These calculations take under consid-

eration the probability of a nucleotide to remain the same (likely) or any mutation (unlikely).

These calculations are propagated to the root where the likelihood of the current tree is esti-

mated.

Approximation: PBPI is very sensitive to errors. However, we introduce an approximate ver-

sion where we drop some calculations of the conditional probabilities of each internal node.

We cannot drop the calculation of the probability of a nucleotide to remain the same because

it is high, hence we drop the calculations of the probabilities of some mutations. Specifically

any of the three mutations may happen to a nucleotide but there is a large difference between

the most probable mutation in contrast with the one that is less probable. Therefore we find

the mutations that have low probability and drop their calculations.
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7.1.4 Conjugate Gradient

Conjugate gradient (CG) is a numerical solver for systems of linear equations. The system

has the form Ax = b, where A is a square, symmetric and positive-definite matrix, x is the

unknown vector and b is a known vector. The algorithm stops when it reaches convergence

within a tolerance value, or executes the maximum number of iterations allowed by the user.

CG calculates a new value of the coefficient � in each iteration as shown in equation 7.1.

This computation is one of the most time consuming parts of the algorithm. � is used in

Equations 7.2 and 7.3, to calculate the new estimation of the solution vector x and the residual

vector r (used to evaluate convergence) respectively, where p is one more conjugate vector.

�k =
rT

k rk

pT
k Apk

(7.1)

xk+1 = xk + �kpk (7.2)

rk+1 = rk � �kApk (7.3)

Approximation: We implement CG using mixed precision [71]. Computations that are not

crucial for the quality of the final solution are implemented using single-precision floating-

point, whereas the rest of the algorithm is implemented in double precision.More specifically,

we calculate � in single precision floating point, as it is the most time consuming part of the

algorithm and – at the same time – the estimation of x is not overly sensitive to the exact

value of alpha.

7.2 Evaluation

The experimental evaluation was carried out on a dual-socket system equipped with two

Intel Xeon E5 2695 processors, clocked at 2:3 GHz, with 128 GB DRAM and an NVIDIA

Tesla K80 GPU. The operating system is Ubuntu 14.04 server, using the 3.16 Linux kernel.

Applications of our benchmark suite utilize one GPU chip of the K80, therefore the combina-

tion of two CPUs results to more power consumption. To calculate the energy consumption

on GPU, we measure the power drain with the interval of 2 ms using NVML [72] and multi-

ply the average by the execution time. On CPU, we utilize the Running Average Power Limit

(RAPL [73]) counters to measure the energy consumption on each socket.

For each application we provide a spider plot with 5 axes. Applications are executed on

CPU and GPU at different degrees of approximation (corresponding to different lines in the
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plot). We report the impact of approximations on energy efficiency for CPU and GPU w.r.t.

the accurate execution on the same device (Energy Improv % (CPU) and Energy Improv %

(GPU) axis respectively) and on quality w.r.t. the accurate execution (Quality % (w.r.t. ac-

cur.) axis). Moreover, for each approximation level, we report the energy gain on the GPU

w.r.t. the CPU version at the same approximation level (Energy Gain % (GPU w.r.t. CPU)),

to identify cases where there are device-specific variations in the energy efficiency between

the accurate vs. the approximate version. The last axis (Energy Gain % (GPU w.r.t. CPU ac-

cur.)) reports the energy gain of the GPU approximate execution (again at different degrees

of approximation) w.r.t. the accurate execution on the CPU. This metric quantifies the com-

bined energy gains of both heterogeneity and approximate computing over a conventional

execution.

As a general observation, we find that in most applications it is possible to improve the

energy efficiency both by exploiting heterogeneity and by using approximate computing at

the expense of a controlled reduction in the quality of results.
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Figure 7.1: (α0) Smallpt evaluation, (β0) LULESH evaluation

7.2.1 Smallpt

We evaluate Smallpt using the input files included in the original source code, rendering

scenes of 1280 � 1024 pixels for 300 iterations. We evaluate the quality of results using the

PSNR of the scene on the last (more refined) iteration of each execution. For illustration

purposes we limit the PSNR value of the accurate execution to 48 dB instead of1.
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