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EuxapioTApIo ZnuEiwpa

270 onueio aurdé Ba Bédaue va ekQPAoouUuE IOIAITEPES EUXQAPIOTIEC OE OPICLEVOUS
avBpwrroug, Twv omoiwv n ouuBoAl kair n ouumapdoracn Nrav  TOoAUTIUN  Kai
KaBOoPIOTIKN) OTNV EKTTOVNON TS TTAPoUCacs SITTAWUATIKNG EpYACIAs KATA TO aKadNUAIKO
éro¢ 2016-2017.

Karapxnv 6a BéAaue va suxapiornoouue Bepud tov k.Néotwp Eupop@drroulo,
emikoupo  kabnyntn tou TuAuaro¢  HAektpoAdywv Mnyxavikwv & Mnxavikwv
YmoAoyiotwyv oto BoOAo kai kUpio emiBAémovia TN mapouocas Epyaciag yia tnv
mapamdvw amd xpnoiun Bonbeid tou. OfAouue va TOv EUXAPIOTHOOUNE yia ThHV
KaBodnynon, 1IC TTOAUTIUES OUUBOUAES Kal TTapATNPACEIS ETTI TS OpYyAvwaonc, TS O0UNS
Kal TOU TTEPIEXOUEVOU ThS gpyaciac. BAoIKA OToIXEId TS OUVEPYQOias Uag yia 1a orroia
giuaarte 1G1aiTeEpa euyvwuwyv ATav n aueon emkoivwvia ka@' 6An tn didpkeia NG
EKTTOVNONSG NG €pyaociac kKabw¢ Kal n avaAutikh €me€iynon ToU ETTIOTNIIOVIKOU
utToBaBpoU LE TIC APIOTES YVWOEIS TTOU OIaBETEI OTOV TOUEQ TTAVW OTOV OTT0I0 BACIOTNKE
n OIMTAwWUQATIKY gpyaocia pag. 2uyxpovws BéAouus va suxapioTnoouue Tov K.[Ewpyio
2TaUOUAN KaBnyntr ToU TUNUATOS Kal OEUTEPO ETTIBAETTOVTIA TNS OUYKEKPIUEVNS EpyATiag
yia 11 aéioAoyes umrodeieic Tou Kai yia tnv g€ioou KaAn ouvepyaaia mou gixaue 6Ao
auto 1o didoTnua.

EmmpooBétwe Ba BéAaue va eKQOATOUE TIC EUXAPIOTIEC UAS OTOV OIOAKTOPIKO
@oItnTh ToU TUNUATOS HAEKTPOAOYWV Mnyavikwv & Mnxavikwv YmoAoyioTwy K. Ewpyio
®dAwpo yia Tnv Gueon avramoKpion Kai utToaTpién 6oov agopd Béuara uAorroinong Kai
armoo@aAuaTrwons kKwoika. H ouuBoAn tou Atav moAU onuavrikn oTnv TELATWON TOU
aAyopiBuikoU LuEPouC TNS Epyaciac.

TéAo¢ éva peyddo euxaploTw OTIC OIKOYEVEIEC UAG, YId TNV auépIoTn
OUUTTaPAoTacn Kai 1 ouvexn evBappuvon mou uag emédeiéav  Kard 1 OIGPKEIA TwV
OTToUdWV uag aAAQ Kair OTouS QIAOUS Lag yia Ta UTTEPOXA QOITNTIKA XPOvIa TToU UdS
xapioav. Autn n gpyaacia gival apiepwuévn o€ oag, ETEION XWPIS TNV UTTooTHPIEN OdC,
rirrora arrd auta oev Ba nrav eQIKTO.
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KatdAoyog ZxnuaTwyv

2XApa 1: ZuvoTTikA TTapouciacn ueBddwv MOR



MepiAnyn

ZTOV ONUEPIVO ETTIOTAPOVIKO KAl TEXVOAOYIKO KOOMO, Ol QUOIKEG KAl TEXVNTEG

O1adIKOOiEG TTEPIYPAPOVTAl TTOAU OUXVA ATTO PHABNUATIKA PJOVTEAQ TA OTTOI ITTOPOUVE
va xpnoigotroinBoulv yia TTpocouoiwon ,BeATioToTroinon 1 éAeyxo. Ta uabnuatiké
MOVTEAD TTPOKEIMEVOU va OWwoouv akpify armoteAéoparta yivovial oAoéva Kal TTIo
AETTTONEPN augAvovTag apKeTd TNV dIACTAON TOUG. TETOIO POVTEAD PEYAANG KAIMOKOG
odnyouve 0€ MPEYAAEG QTTAITACEIG PMVAUNG Kal TTOAUTTAOKOTNTA uTToAoyiopwy. lMNa va
XEIPIOTOUPE  ATTOTEAEOUATIKA QUTA  Ta  PeEYAAQ  HOVTEAD  yia  TTPOCOMOIWON
BeATIOTOTTOINON 1 €AEyxo ,cival amapaitntn n O&iadikacia eAaxioToTroinong TAgNg
poviédou MOR. H BOegpehiwdng 16éa autig TnG Katnyopiag peBOdwv eival va
TTIPOOEYYIoOUV €va POVTENO PEYAANG KAIMOKOG ME €va PEIWHPEVO POVTEAO XOAUNAOTEPNG
TTou €xel TNV id1a (600 To duVATOV PEYAAUTEPN) CUUTTEPIPOPA €1I0000U- £6OO0U PE TO
QPXIKO oUCTNPA WOTE VA YIVETAI E€UKOAOTEPN KAl KUPIWG ypnyopdTeEPN N TTPOCOMOIWON
TOU .

2TnVv TTapoUoa £pyaacia yia va eTTITUXOUUE TO OKOTTO auTO Ba XPNOIKOTTOINCOUNE
TNV péBodOo TBR, n otroia evw e@appolovTtav uévo o€ TTpoBAAuaTa PETPIOU PEYEBOUG,
TTPOCQATA €XEl TIPOCOPHUOOCTEI O TTPAYMOTIKA PeEYAANG KAiyakag tpoPAfuata. To
MEYAAUTEPO TTAEOVEKTNUA QUTAG TNG MEBGOOU EvavTl TwV UTTOAOITTWV gival OTI TO VEO
MOVTEAO OUCTAUATOG TTOU TTapdyel Ba civalr pev pIKpoTePnS didotaong amd 1o apxIko
aAAG ouyxpoévwg Ba diatnpei  TIC APXIKEG TOU 1816TNTEG OTTWG TNV TTABNTIKOTNTA, TNV
€UOTABEIa Kal Ba TTapéxel uTTOAOYioIPa Opla CPAAPATOS. A va UAOTTOINOOUUE WOTOCO
TNV péBodo TBR Ba xpnoiyotroijooupe dUO GAAEG €€iocou onuavTIKEG PEBODOUG TNG
katnyopiag MOR, yia Tov UTTOAOYIONO TwV BITTAWY £€I0WOEwWV Lyapunov Tou peyaAou
ouoTAuaTog. KabBwg n apiBuntik AUON Twv €51I0WO0EWV AUTWVY OTTOTEAEI TO TTIO aKPIBO
Briua Tou aAyopiBuou emAéCape va epapudoouue TIGC ueBGdoug TTpofoAris LRCF-ADI
kal EKSM ,divovtag pia KaAr TTpocéyyion JEow TTapayovTwy AUoNG XaunAou eTTiTTédou.



KEPAAAIO 1

Eicaywyn

1.1 Mepiypa@n Tou TpoBARUATOG

H paBnuartikry PJOvTEAOTTOINCN KOl N TTPOCOPOIWON €XOUV KATAOTEI ONUAVTIKO
MEPOG TOU GNUEPIVOU ETTIOTNPOVIKOU KAl TEXVOAOYIKOU KOOMOU. Na d1dpopoug OKOTTOUG
,OTTWG 0 €Aeyxog, n avaAuon,n BeAmiototmoinon Kol 0 OXeOIOOUOC TWV QPUOIKWV
OuCTNUATWY, N TTPOCOMOIWON TWV PABNUATIKWY HOVTEAWV dladpapaTifel Bacikd poAo.
ATtroTeAei  uia o1adedopévn  TEXVIKN MEAETNG KAl avdAuong TnG OCUPTTEPIPOPAS
TTOAUTTAOKWYV  CUOTNMATWY, UIOBETWVTAG €vav EUPECO TPOTTO MPEAETNG. AvTi va
MEAETAOOUPE TO OUCTNPA TTOU PAG eVOIOPEPEI ATTEUBEING, dNUIOUPYOUUE £va EIKOVIKO
MOVTEAO TOU OUCTHPATOG QUTOU, OUVABWG Ot €va NAEKTPOVIKO UTTOAOYIOTA Kal OTnV
OUVEXEIO TO XPNOIMOTTOIOUME TTPOKEINEVOU Vva UEAETAOOUMPE, avaoAuoouue R/kal va
TTEIPAMUATIOTOUME PE TO ouoTnua. Me autd Tov TPOTTO eAEyXOUME Kal ETTAANBEUOUME TOV
OXEOIOOUO TWV KUKAWHATWY TIPIV TNV avATITUEN TOUG, WOTE VA ATTOPEUYOUMNE ThV
datravnpr] KOATOOKEUN eKEivwy TTou Ogv Ba €ixav Tnv CUUTTEPIPOPA Tnv oOTToia Ba
QVOUEVOE.

QoTt600 OT1aV €va QUOIKO HOVTEAO WETATPETTETAI O MABNUATIKO MOVTENO, OF
TTOAAEG  TTEPITITWOEIG, VIO VO TIPOCOMOIWOEI ue akpifela, n didotaon Tou YyiveTal
eCAIPETIKA pEYAAN. TETola pEYGAA OUCTAUATA TTPOKUTITOUV O€ OIAPOPOUG KAADOUG,
OTTWG N XNMIKA MNXAVIKH, TA MPNXAVIKA KOl PIKPONAEKTPO-UNXAVIKA OUCTAUATA, N
uttoAoyIOTIKA BloAoyia,n agpodiacTnuikn PNXavik KTATT. lMpokeigévou va emAuBolv
TPOBAAMATA  UNXAVIKAG TIOU a@opoUVv autd Ta OUCTAMOTA MEYAANG KAipOKaAg,
xpeldlovtal €CalpeTikG datravnPEG UTTOAOYIOTIKEG TTPOOTIA0EIEC. MepPIKEG QOPEC N
TTPOCOUOIWOT, N dUVAUIKA avaAuon Kal 0 OXeOIAOUOG TwWV CUuoTNUATWY uWnASTEPNGS
TAENG cival aduvarn €LaITiog TWV TTEPIOPICPWY TIOU O@EIAOVTAl OTNV PVAPN Tou
UTTOAOYIOTH j OTOUG £QAPPOCUEVOUG apIBuNTIKOUG aAyopibuoug. INa va TTapakaUYouEe
Ta TPoPAAuaTa peyéBoug, Mo KaAR 10éa gival va pelwoouue Tnv OlA0Tacn TWwv
MOONUOTIKWY JOVTEAWYV, WOTE N TTPOCOMOIWON TWV KUKAWMPATWY va yiveTal Yéoa o€
TTPAYMATIKOUG Xpdvoug . O TPOTTOG YE TOV OTTOI0 €va POVTEAO PEYAAWV dlaOTACEWV
MEIWVETAI O€ éva PIKPOTEPO OvVouddleTal peiwon Ta¢ng povréAou (MOR).
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1.2 ZKOTr6G TNG SITTAWMATIKNG EPYATiag

O okomog TG TTapoucag OBITTAWUATIKAG €PYOOiag €ival va XpNOIUOTTOINOOUUE Mia
TEXVIKA TNG KaTnyopiag peiwong 1agng povrédou (MOR) TTpokelgévou va TTPOCEYYIoEl
éva POVTEAO pEYAANG KAipakag atrd éva Ao véo povTéAo xaunAotepng( Eikova 1.1),
dIaTNPWVTAG CUYXPOVWG 0€ 000 TO duvatov HEYOAUTEPO PBaBud Tnv cuputTEPIPOPA
€10000U- £€O600U TOUu apxikou. Mépa dnAadn atd Tnv peiwon diGoTaong Tou apxIkou
MOVTEAOU TTOU paG avaTédnke £Xoupe KANBEI va IKAVOTTOIOUUE CUYXPOVWG TIG TTAPAKATW
e€ioou ONUAVTIKEG TTPOTACEIS TTOU AQOPOUV TNV TTOpAywyr] TOU VEOU HEIWMPEVOU
MovTEAOU.

>
>

To péyebog Tou peiwpévou PovTéEAou Ba TTPETTEN va Eival OPKETA PIKPO .

To véo povTtéAo Ba TTpétTel va dnuioupyeital autépata (dnA. o aAyépiBuog va unv
ATTAITEI YVWON OXETIKA PE TNV QUON TOU UTTOKEIJEVOU CUOTHPATOG).

H £€€000¢ Tou ouoTAPATOG PEYAANG KAIPOKOG Ba TTPETTEl va TTpoaEyYideTal aTro TO
V€O JOVTEAO TO OTTOIO UTTOPEI va afloAoynBei onuavTiké TTI0 yprjyopa.

O1 QuOIKEG 1810TNTEG TOU APXIKOU CUCTHPATOG OTTWGS N oTaBepdTnTa, N eAGXIOTN
@aon, kai/fp TaBnNTIKOTNTA Ba TTPETTEl va diatnpouvtal KaTd Tn didpKeia TNG
d1adIkaoiag TNG EAAXIOTOTTOINONG.

TéNOG Ba TTPETTEl va UTTAPXEI €va UTTOAOYICIUO OpI0 OQAAPOTOG/EKTIUNGN YIA TO
MEIWMEVO POVTEAO.

ﬁv \ M = N x(t (B alh);

yitF R (1)

M N

. = . i Eu{n;
yitl= (1)

Eikova 1.1: O oko1rog NG TTapoUcag epyaciog

2/108



AvdAAloya pE Ta XAPOKTNPIOTIKA TWV PJOBNUATIKWY PHOVTEAWYV, BIAQOPES TEXVIKEG OTTWG N
mpooéyyion optimal Hankel norm, n singular perturbation, n moment matching, n
balanced truncation xpnoiyotroloUvTal ocuvhBwg yia TRV pEiwon TAENG MOVTEAOU.
MeTagUu auTwv Twv TEXVIKWV n balanced truncation cival pia amd TI¢ aTTOOEKTEG
MEBODOOUG YIa peYAAa apald YPAUMIKA, XpoviKd petaBAnTta (LTI) ouothuata. ‘Eva atéd ta
MEYOAUTEPA TTAEOVEKTAMATA QUTAG TNG HEBGdOU TTPOROANRG eival 6T dlaTtnpei TNV
oTaBePATNTA TWV APXIKWY CUCTNUATWY,0NAadA av TO apxIKO cuoTnua cival otabepd
TOTE TO MEIWMPEVNGS TAENG YOVTEAD Ba eival eTTiong oTaBepd. EmimTAéov €xel éva KaBoAIko
OpI0 OPAAPATOG Kal DIOAEYOVTAG €K TWV TTPOTEPWV Mia avoxry o@AAUATOG, UTTOPEI va
TIPOCAPUOCTEI N dIACTACT TWV PEIWHPEVWV HOVTEAWV.

Mo ocuykekpigéva n Kupla 16€a AutiAG TNG PEBOBOU cival va dlaypayouuE TIG
TTEPITTEG KATOOTACEIG , Ol OTTOIEG UTTOPOUV VA aVIXVEUBOUV av TO oUOTNUa BPIOKETAI O€
ICOPPOTTNUEVEG OUVTETAYUEVEG H TEXVIKN TNG €E1I00pPOTTNONG CUVOEETAI OTEVA HE TNV
AUon Twv Lyapunov egicwoewv. Me Tnv AUon dnAadn Twv dITAwv Lyapunov e€lowoewv
UTTOAOYICOUME TOUG YPOUMIAVOUG TTIVAKES €AEYEIUOTNTAG KAl TTAPATNENCINOTNTAG TOU
QPXIKOU YPAPUIKOU CUCTAMOTOG ATTO TO OTTOI0 PTTOPOUV va €gaxBouv TTANpo@opieg
OXETIKA HE TIG KUPIAPXEG KATAOTACEIG TTOU OIATNPOUVTAI OTO POVTEAO HEIWMEVNG TAENG
(ROM). Eivar 1diaitepa evdla@épov Otav TO0 VvEO MOVTENO TTpETTEl va OIaBETel €va
UTTOAOYIOUEVO €K TWV TTPOTEPWYV OPI0 OPAAPATOG. AUTO I0XUEI 1IDIQITEPA YIA CUCTHUATA
MIKpOU €wg peoaiou peyEBous. EKei n TTUKvR a1ToBrKEUOT TOU CUCTAMATOC €ival duvaTth
OAAG Kal O UTTOAOYIONOG Twv OUO YPAUMIOVWY TTIVAKWY TOU CUCTAPATOG €ival €TTiong
EQIKTOC XPNOIMOTIOIVTOG KAAOOIKEG AUETES HEBOSOUC e TTOAUTTAOKOTNTA O( 73 ) .

MNa Ta peydAa kal Ta TTOAU peyGAa CUCTAPATA TTOU PJTTOPOUVE VA OTTOBNKEUTOUV
MOVo o€ apald i apaid pop@oTutra dedopévwy,ol Gramians ouvBwg TTpoaeyyifovTal
ME XAUNAN KAIJOKO 1 ME APAIEC AVATTAPOAOTACEIS OEOOPEVWYV. 2TNV CUYKEKPIPEVN
Epyacia ETMKEVIPWVOPOOTE OTNV apPAIr] TTEPITITWON KAl CUVETTWS OTIG XaunAou Baduou
avatrapacTdoelg Twv Gramians. YTTapxouv apkeTég uEBodol otnv BiBAloypagia yia Tov
UTTOAOYIONO TwV XOuNANG Tagewg Gramians w¢ TTAPAYOVTOTIOINCEIG  TwV AUCEWV
EAEYCINOTATOG KAl TTAPATNPNCIUOTATAG Twv Lyapunov eglowoswv. Epeig dlaAégaue va
XPNOIMOTIOINCOUE Yia ToV OKOTTO auTd TIG ueBddouc LRCF-ADI kai EKSM, Ti¢ oTroieg
Kal TTEPIYPAPOUNE EKTEVEOTEPA OE ETTOUEVO KEQAAAIO.

1.3 A1GpBpwon TnNG Epyaciag

210 KegpaAaio 2 rapouaialovTal KAtrolol Bacikoi opiouoi TTdvw oTov Touéa TG Ocwpiag
EAéyxou kal NG MpauuikAG AAYEBPAG WOTE VA UTTOPECEl O AVAYVWOTNG VA KATAVOAOEI
EUKOAOTEPA TA MABNUATIKA €PYOAEiQ TTOU XPEIACOPOOTE yIa TNV OIEKTTEPAIWON TNG
gpyaciag.
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2T0 KEQAAQIO 3 yiveTal YIO €KTEVAG €l0aywyn OTIG HEBOdOUG gAayioToTTOiNONG TAENG
povtéhou (Mor ), rapoucialovtag Tov yevikd opioud Twv aAyopiBuwy ,Tov KoIvO Toug
OTOXO0, KaBWG Kal TIG BACIKEG KATNYOPIEG OTIG OTTOIEG XwpidovTal .

2T0 KEQAAQIO 4 PEAETAPE TA XAPOAKTNPIOTIKA TNG pEBOdou TBR ,divoviag apxIka Tov
OPICMO  Kal 0TV OUVEXEID Ta BrpaTta TG uAotroinong Tng. Aivoupe 181aiTepn €U@acn
oTnNV OAOKANPWON TWV apPXIKWV BNUATWY Tou aAyopiBuou XpnoiuoTtrolwvtag duo
ONMAVTIKEG TEXVIKES TNG Bewpiag eAEyXOuU.

210 Ke@AAaila 5,6 yiveralr AemrTopepng avagopd oTtoug aAyopibuoug LRCF-ADI kai
EKSM, 1600 wg TTpOg TNV €TTEERYNON TOUG 000 KAl WG TTPOG TNV UAOTTOINGN TOUG.

2T0 Ke@AAalo 7 Trapoucidloupe TO TPOTTO  HPE TOV OTIOIO YiveETal MIO TUTTIKA
TIPOCOUOIWOT KUKAWHATOG , KOBWG Kal TO TTWG OTNV OUVEXEID XPNOIYOTTOINONKE N
MEBODOG TBR yia va atTAOTTOINCEl TO ATTOTEAEOHA.

210 Ke@daAaio 8 peTd Kal TNV TTEPIYPAPN TNG TTPOCOUOIWONG,YIVETAI avapopd OTad
atmmoteAéopata Tou divel 0 aAyoépiBuog TBR xpnoigotroiwvtag didgopa TreipduaTa
TAVW OTO OUCTNUA HAG KAl KATAYPAPOVTAG OUYXPOVWG T CUMTTEPIPOPA TOU KABE
OTOIXEiOU.

2T0 KEQAAQIO 9 ava@EPOUE TN OUVOAIKK EIKOVA TTOU ATTOKOUICAME EPYACOUEVOI KATA TN

d1dpkela OANG TNG £pguvag TTAVW OTO BEPA auTO Kal TTPOTEIVOVTAI KATTOIEG EVOEXOMEVEG
TIPOEKTAOCEIG TTOU Ba uTTOopoucav va JEAETNOOUV OTO PEAAOV.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEPAAAIO 2

MaBnuatiké utroabpo

I I OIEKTTEPAIWON AUTAG TNG £PYAOiag TTPOUTTOBETEI TNV KATAVONGN OPIOHUEVWV

Bewpnudtwy oTO0 TOMéa TNG Ocwpiag EAéyxou kai TG Mpaupikng AAyeBpag, Ta
OTTOI0 ATTOTEAOUV PaBNUATIKO UTTORBABPO yia TNV uAoTtroinon Twv YEBOdWYV TTOU Pag
avatédnkav. ApXIKG TTapoucIAfoupe KATTOIEG PaOIKEG €vvoleg atmd Tnv Bewpia
OUOTNUATWY Kal €AEyXou,divovTag £U@acn OTIC AVATTAPAOTACEIS TOU OUOTAUOTOG
atmod  OIAQPOPETIKEG OTITIKEG YWVIEG ,TIC TAEIVOPNOEIC, TNV duvaTOTNTA €AEYXOU KOl
TTAPATNENOCINOTNTAG TOUG KAl TIG CUVAPTAOCEIG HETAPOPAS. To BEUTEPO TUNRUA TTEPIEXEI
MEPIKOUG ONUAVTIKOUG OPIoHOUG Kal TTPOTACEIS a1rd TRV [pauuik AAyeBpa kal Tnv
Bewpia TIVAKWV.

2.1 Karnyopieg cucTnUATWY

‘Eva ocuoTtnua ouvhBwg aANadel KaBwg AsiIToupyei PJe T TTApodo Tou Xpovou t OTTwg
QaiveTal Kal aTo TTAPAKATW oXAMG (ZxAua 2.1), 61Tou éva cuoTnua AapBdver pia
eCwTepIKA €icodo u(t) eCapTwuevn atmd 1o XPOVOo Kal TTapdayel avTioToixa Tnv £6000
y(t). Me Baon T oxéon petagu u(t) kar y(t), uTtdpyouv 2 TOTTOI CUCTANATWY [1], TTOU
ovopadovTal OTATIKA CUCTAMATA Kol OUVAMIKA cuoThuata. Ma eukoAia dnAwvoupue
TNV €i0000 Kal TNV €000 WG

u(t) = [u, () uy(£)..un(t) I* € R™
YO =@y .y, ] € R,

OTToU n €i00d0G TTEPIEXEl m  METARBANTEG €106doU wu(f) i=1,2,..,m Kal n £€50d0g
TEPIEXE p PETABANTEG €6000U y;(1) j =1,2,....p .
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—* System ——

2xNua 2.1: 2xéon €106d0u -£€6OOU CUCTHUATOG

2.1.1 ZTaTIKA CUCTAHHATA

‘Eva ouoTtnua Aéyetal oTaTiké av n £€€0do¢ y(t) e€aptdral uévo améd tnv gicodo u(t)
OTn XPOVIKA OTIYHNA t, TO OTT0i0 Kl TTEPIYPAPETAl HABNPATIKG WG €EAG:

y(8) = h(u(?)) = h(u, (1), uy (1), ..., um(£))

omou  A(u(f)) € RZ  eival pia aAyeBpIk ouvdpTnon Twv MPETABANTWY €10600U
ul(t)a u2(t)9 ,l/lm(t) .

A¢ Bewprjooupe OTI €xoupe €va OTATIKO cUoTnPa OTTou n €6000¢ Tou gival n Tdon
Kartd PRkog NG avriotaong R3 (ZxAua 2.2), 161 oUPwva pe Tn Bewpia NG
aAvVAAUONG KUKAWPATWY €XOUUE

YO = h(u(®) = ((RyBR)R (Ry + R3) + RyR3)) - u(t) = k u?)

otou  A(u(f)) e€ival ouvaptnon avdaAoyn Tpog Tnv Trapouca €icodo wu(f) Kal TO
oTaBePO KEPDOG eival k = (R,R;)/(R|(R, + Ry) + RyR5) . ZOPWG, N £5000G UTTOPEI ATTAG
vV TTPOOCBIOPICTEI aTTO TNV TTapouca €i00d0 u(f), yI auTo Kal gival oTaTikd ouoTnua.
2TN TTPAYMATIKOTNTA €va OTATIKO OUCTNUA QVAQEPETAI ETTIONG WG €va OUCTNUA XWPIG
MVAMN KaBwg n atrékpion €60dou Tou y(f) Oev eTTnpeddleTal amd 1o TTAPEABOV TNG
€1I0000U u(t) OTTOU T < L.

(s
R1

"0 @) R2 = R3 % y(t)

2xAua 2.2 : KikAwpa avtiotaong trou digyeipetal atmod pia T1don €106dou u(t)
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2.1.2 Auvapikd cucTAHOTA

e avtibeon pe €va otamikd ouoTtnua n €€000¢ y(t) evog duvauikoUl CUCTHPOTOG
emmnpedletal ammo tnv €icodo u(T) yia T <t, dnAadn 6x1 poévo atrd Tnv €icodo u(t) otn
TTapouca OTIYMA OoAAG Kal Twv TTapeABovTikwy u(T) yia 1<t . MabnuaTtikd, éva
OUVAMIKO OUCTNUA MTTOPEI va €EKQPAOTEI ATTO TO AEYOUEVO XWPO KATAOTAONG TO
OTTOIO TTEPIYPAPEI £va oUCTNUA PE TNV £Eicwon KATAoTAoNG KAl TNV £&icwaon £¢6d0u.
H eCiowon kartdoTaong divetal cuxva wg dIagopikr e¢iocwon TpwTtng TdéNg.

X’(t) :f(ta X(t), M(t)), x(tO) =X
Kal n e¢icwon €¢6dou gival TNG JOPPAS

y(0) = g(t,x(1), u(?))
ommou  x(?) = [x,() x,(?) .. xy(0]" € R" ovouddeTal  kATAOTAON  OUCTAUATOC KOl
atroTeAeiTal amd n PeTABANTEG KaTAoTaONG x,(f) i=1,2,...,n KOl x(¢,) =x, €ivaln
KOTAOTAON TOU OUCTHANATOG OTNV OPXIKN OTIYUR = #,0TTOU OUVI BWG OVOPAZETal
apxikni karaotacon. Na onueiwbei 0TI N KATAOTAON TOU CUCTAMATOS AVTITTIPOCWTTEUEI

TA €EYYEVA XOPAKTNPIOTIKA Tou cuoTthuatog. Oco yia tnv e€iowon €6dou ptTopEi va
aAAGEel TTEpaITEPW OTNV akOAoUBN popYn

y(0) = h(t,u(?)),

AOYyw TOU yeyovoTog OTI N KAtdoTaon Tou ouoThuatog x (t) ptropei va Aubei wg
ouvdpTtnon Tng €lc6dou U (t).

. X(to) l
u(t) ' {
| T, x()u() ﬂ, g —r@-—xmﬁ' g(t ,x(t),u(t)) —ﬁ'}

T

2xnua 2.3: AIdypapua KUKAWPATWY QUVAMIKOU CUCTAPOTOG TTOU eK@PACETAl O€
TTEPIYPAPN KATAOTOAONG -XWPOU
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2.1.3 F'papuIKa XpoviKd apeTABANTO CUCTAMATA

Ta 1Mo onuavTikd dSUVANIKA CUCTHAUATA OTN INXAVIKA OVOUAZovTal YPOUUIKA
XPOVIKA aueTdBAnTa ocuoTtiuata i ouoTAuaTa L7171 ouvomTikd. H duvauiki
OUMTTEPIPOPE TOUG EKPPACETal ATTO TIGC AKOAOUBEC £EIOWOEIG:

x'(t) = Ax(¢) + Bu(t) x(ty) = x,
y(¢) = Cx(t) + Du(?)

O61ToU OAoI oI TTivakeg Tou cuoTiuatog 4 € R™, B € R*™ ,C € R™, D € RP™
gival otaBepoi. Eival yvwoTod 611 n KatdoTaon Tou cuoTAuaTtog X(t) rpoodiopileTal pe
MovadIkd TPOTTO aTTd TNV TTAPAKATW £€iowaon

x(f) = A0x, + f AIBy(t)dr,

)

Qv n apXIKf KataoTaon x(7,) Kol n €icodog u(t) yia t<1<¢, divovral. H £€§0d0og 01N
ouvéxela AauBaveral wg:

y(t)y=Ce ™ x (1) +C f ¢4 Bu(t) d(t) +Du(?).

0

Aedopévou 0TI N £6000¢ Yy (t) TTEPIEXEI TO OAOKANPWHA TNG €10000U U (1), yvwpiCoupe
OTI n €€000¢ y (t) eTnpeddeTal atrd TNV TTapouoa €iopon u (t) kal atrd To cUVOAO Tou
TTapeABOVTOG TNG. AuTé onuaivel 6Tl To ouoTnua LTI givar TTpaypaTtt €va duvauiko
ouoTnua, éx1 éva oTaTiké cuoTnua.

2.2 XwWpog KAataoTaong

2TN QUOIKN, €vag XWPOG KATAOTAONG Eival £€vag a@npnuévog XwpPog OTOV OTToio
QVTITTIPOOWTTEUOVTAI BIAPOPETIKEG "BECEIC", OXI KUPIOAEKTIKEG BEOEIG, aAAG pdAAov
KATOOTACEIG KATTOIOU QUOCIKOU OUCTAMATOG.

2.2.1 Opiopoi AuvapiKwy ZuoTNHATWY

e ‘Evvoia Tng KaraocTtaong
H kardoTtaon evog OUCTAPATOG avA TTAOQ XPOVIKA OTIYMN ¢, €ival n €AAXIoTn

To00TNTA TTANpoopiwv oT1o t0, n omoia padi pe OAeG TIG €10000UG YIa t>t¢,,
KaBopilel e povadikd TPOTTO TN CUNTTEPIPOPA TOU CUCTHMATOG YIa ONEG TIG 121, .
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e MeTtaBAnTég / Alavuopa Katdotaong

Mia peTapAnTy katdotaong [2] civar éva amd Ta oUvoAa HETARANTWYV TTOU
XPNOIMOTTOIOUVTAI VIO TNV TTEPIYPAPL TNG PaBNuaTIKAS "kKaTdoTaong" evog duvapikou
ouoTAPATOG. AloONTIKA, N KATAoTOON €vOG OUCTAUATOG TTEPIYPAPEI QPKETA TO
ouoTnua yia va KaBopioel TN HPEAANOVTIKA) CUMTTEPIPOPA Tou, OTAV OEV UTTAPYXOUV
eCWTEPIKEG OUVAUEIC TTOU TO eTNEedlouv. Ta HOVTEAQ TTOU aTTOTEAOUVTAl ATTO
OUCEUYUEVEG DIOQOPIKEG ECIOWOEIS TTPWTNG TAENG AEyeTal OTI €ival O POPYN
METABANTAC KaTAoTAONG.

e Auvapikég E§iowoeig
H eUpeon 1ng duvauikig egiowong [3] Oa yivel kaAuTepa avtIAnTTT pEow €vog

Tapadeiyuatog (Eikdva 2.4). ZKOoTrog €ival va aTTOKTACOUUE £€Va HOVTENO KATAOTAONG
yla 1o TTapakdTw cuoTtnua. H eicodog gival i, Kai n £60dog ival e, .

nij R,

il-l I T: __?. : _".I-'I \/ .'.,"I "...'—!_ :

-. -~ ."\‘_ i _.] C' ! = _\‘:I

/ ‘ ) L El = L | |L 1 =5

\ - ?{: R l o 'e'".l L ;e
LAY -._."II_ : ! __;'I .
* ___Ie =

Eikova 2.4 : Mapaderypa evoOelkTIKOU KUKAwPaTog RLC

YTrdpxouv Tpia oToIXEia atmoBrikeuong EVEPYEIAG, OTTOTE AVAUEVOUUE TPEIG ECICWOEIG
Kataotaong. EmAEGape ij,i, Kal e; wg METARANTEG KatdoTaong. Twpa BEAoupe
€CIOWOEIG yIa Ta TTapdywya Toug. H tdon oto Tnvio L, €ival e, (n otroia gival pia
atro TIG HETABANTEG TNG KATAOTACNAG HOG).

‘ET01 N TTpWTN pag PeTaBANTH e€icwon katdoTaong €ivai

di, /1 dt =(1/Ly) e, .

10/108



Av aBpoiooupe Ta pevpaTa OToV KOUPO PE TNV EVOEIGN 1, , EXOUUE

ia—iLZ_iCI _iLl :0
AuTA n egiowaon €xel TIg e10600UG Pag (i, ) ,TIG dUO PETABANTEG KaTAoTaoNg (i, Kal
iy ) KOl TO peUPA PEOW TOU TTUKVWTH. ATTO aQUTO PTTOPOUME Va TTAPOUPE T SeUTEPN

e¢iowaon karaoTaong

icy =Ci(del/dl) = ia— iy~ ip
(de/d) = (1/Cy) (ia— gy = ipy)-

H tpiTn Kai n TeAIKA €§icwon KATAOTAONG TTOU TTAIPVOUNE, YPAPOVTOG HIa £¢icwan yia
TNV 180N o€ OAn TNV L, (n otoia €ival e,) amd tnv amown Twv GAAwvV pag

MeETABANTWY KOTAOTAONG Eival

(digy/dr) =(1/Ly)(e; —Ripy).

TéNOG xpelafouaoTe pia egicwaon 6dou

2UMQWVA JE TA TTAPATTAVW N avattapdoTaon TG KATAoTaong yivetal

Q1 L,
T=1|q2] = | €1
a3 (29
x'=Ax +Bu
r 1
01 I 01
A=|-% 0 %
0 L _R
L L1 L1
[0
B=|1/Cy
i 0
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DA%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%200%20%26%20%20%5Cfrac%7B1%7D%7BL_%7B2%7D%7D%260%20%5C%5C%20-%5Cfrac%7B1%7D%7BC_%7B1%7D%7D%20%26%200%20%26%20-%5Cfrac%7B1%7D%7BC_%7B1%7D%7D%20%5C%5C%200%20%26%20%5Cfrac%7B1%7D%7BL_%7B1%7D%7D%26-%5Cfrac%7BR%7D%7BL_%7B1%7D%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DA%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%200%20%26%20%20%5Cfrac%7B1%7D%7BL_%7B2%7D%7D%260%20%5C%5C%20-%5Cfrac%7B1%7D%7BC_%7B1%7D%7D%20%26%200%20%26%20-%5Cfrac%7B1%7D%7BC_%7B1%7D%7D%20%5C%5C%200%20%26%20%5Cfrac%7B1%7D%7BL_%7B1%7D%7D%26-%5Cfrac%7BR%7D%7BL_%7B1%7D%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DB%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%200%20%20%5C%5C%201%2FC_%7B1%7D%20%20%5C%5C%200%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D

y=Cx + Du
c=P 1 R p_g

To mapammdvw TTapadelyua, TO OTT0I0 pag Bonbdsl va KATavorjOOUPE ToV TPOTTO
onuioupyiag Twv €LICWOEWV KATAOTOONG VIO YPAMMIKA OuoTAuaTa, yia Adyoug
EUKOAOTEPNG KATAVONONG, ava@ePOTaV o€ £va oUOTNPA TO OTTOIO €ixe oav dIEyEpon
Mia €icodo kal €Byale ocav amoTéAeopa pia €¢odo (SISO). Epeig, otnv mTapouoa
epyacia, 6a aocxoAnBoupe Kupiwg Pe cuoTuata TTOAATTAOU apIBUoU €106dWV 600
Kail €g0dwv (MIMO).

2.2.2 Eupeon Zuvaptnong Metagopdg amrd Auvapikég ESlowoeig

H ouvdptnon petagopds opidel Tn oxéon PETAEU TNG £€0D0U Kal TNG €10000U £VOg
OUVAUIKOU OUCTHPOTOG, Ypaupévo o€ ouvletn popon (s petaBAnth). MNa éva
Ouvauiké cuoTnua ue €icodo u (t) kai €¢odo y (t), n ouvapTnon peTagopds H (s) cival
0 AOyOoG PETALU TNG avaTTapdoTaong Twv £€0d0wv Y(s) kai TnG 106dou U (s) .

u(t) H{S”_]_:;

Eikéva 2.5: Eupeon ouvaptnon Metagopdg H (s)

Ag Bewpriooupe 1o ouoTnua [4]

X' (1) = Ax(t) + Bu(?)
y(t) = Cx(t) + Du(t),

amd TO oOTroi0 Traipvoupe TO Metaoxnuatioud Laplace (e pNOEVIKEG QpPXIKEG
OUVONAKEQ):

sX(s) = AX(s)+ BU(s)
Y (s) = CX(s)+DU(s)
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DC%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%200%20%26%201%20%26%20-R%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DC%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%200%20%26%201%20%26%20-R%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D

O@¢loupe va Auooupe w¢G TIPOG To Adyo Y (s) pe 10 U (s), oTroTE TTIPETTEl VA
agaipéocoupe 10 Q (s) amd Tnv e€iowon €EOO0U. =ekIvAUE PE TNV €TTIAUCN TNG
e¢iowaong katdoTaong wg mpog Q (s)

sX(s) —AX(s) = BU(s)
(s —A)X(s) =BU(s)
X(s) = (sI — A) 'BU(s) = ©(s)BU(s)

dtou d(s) = (s —A)

Tov Tmivakag @ (s) TTou ovouddeTal Kal TVaKAg TNG METARATIKAG KATAOTAONG TOV
Baloupe oTnV £€iowon €60V Kal TTPOKUTITEI TO TTOPAKATW

Y(s)=C D(s) BU(s) + D U(s)
= (C ®(s) B+ D) U(s).

Twpa uTToPOUNE Va AUCOUNE WG TTPOG TN CUVAPTNON WETAPOPAG:
H(s)=Y(s)/U(s)=C ®(s) B+D =C(sI —A4) 'B+D

Na emonudavoupe OTI Ta CUCTAMATA TTOU €xouv PaBud aplbunTi oTnv cuvaptnon
METAPOPAG PEYAAUTEPO aTTO TOV PaBud Tou TTapavopaoTh dev €xouv Auon OI0TI &€
MTTOPOUV VO TTEPIYPAPOUV OTTO TIG OUVANIKES EEICWOEIS OTO XWPEO KATACTAONG.

2.2.3 EvoTa0eia, MadntikétnTa MXA ZuoTnuaTWY

Katd tnv avaAuon evoc ouCTAUATOG AUTOUATOU €AEyXOU, N €UOTABEIO aTTOTEAEI Evav
Kpiolyo Trapdyovta. [evikd, wg €uoTaBég xapakTtnpiletar éva oUuoTnUa TTou
TTapoucoiddel TTETTEpacPéVn atrokpion. AnAadr, av k&rmolo cuoTtnua dieyepBei atrd
éva QPayhEVO Onua €1l0000U Kal N aTTOKPIo TOU €PQAVICEl TTETTEPACUEVO TTAATOG,
TOTE TO OUCTNUA QUTO XOPAKTNPICETAlI WG EUOTABEG. Oa pTTopoucape AoITTév va
opiocoupe TNV euoTtaBeia Twv MNXA cuoTnudtwy €Aéyxou Kal wg TNV 1I010TNTA TTOU
TTAPOUCIAlel TO oUOTNPA OTAV DIEYEIPETAI ATTO QPAYUEVN €I0000, va £XEI PPAYMEVN
€€000. 2uvnBwe yia TN PEAETN Twv XA ouoTNUATWY EAEYXOU  XPNOIUOTTOIOUME TN
ouvdapTnon METAPOPAS TOUG TTOU gival PIa ox€on €10600U — ££00U Kal JEOW QUTAG
Ba peAetiooupe TV guoTdbela. MNa va eival éva ouoTnua €uoTaBég Ba TTPETTEI O
BaBu6g Tou apIBuNT va gival pIKPOTEPOG 1 icog aTrd Tov BABPG TOU TTAPOVOUAOTA
Kar €701 N ouvapTnon METAQOPAS avOAUETaI O ABPOICHA HEPIKWYV OTTAWV
KAQOUATWV.

13/108



Me Tov Opo «TTaONTIKOTNTA»  €VVOOUPE TNV 1010TNTA €VOG OUCTAMUATOG va NV
ATTOBNKEVEI TTEPICCOTEPN EVEPYEIQ ATTO QUTA TTOU TOU TTAPEXETAI ATTO TIG ECWTEPIKES
€l00doug. ‘Eva 1abnmiké ouotnua, Jtopei va €ival €ite éva ouoTnUA  TTOU
karavaAwvel (aAAG dev TTapdyel) evépyela , €iTe Eva ouoTnua TTOU €ival avikavo va
kepdioel evépyela (augnTikh TTabnTIKOTNTA). Mo atmAd éva cuoTnua TNG NOPYPNG,

X' =f(x) +g(x) u
y = h(x)

AéyeTal TTABNTIKO €Av uTTApXEl ouvaptnon S(x) e S(x)>0 ,yia Tnv otroia I0XUEl
(dldt) S <yTu.

H ouvdptnon S, WIAWVTAG yia QUOIKEG OUVONKES eival ouxva n “arrobnkeupévn
evépyeld” oto ouotnua, evw y'u eival n Tapexouevn evépyeia .H S(x) sival n
AsiIToupyia atmmoBrikeuong kai N s(v,u) =y u cival o puBuOg TTapoxnig. TENOG N
aviodtnTa (d/dh)S < yTu eival iIcod0vaun ye ((6TS/ax) @) [ fx) +g@u]< hT(x) u .

Q¢ ek TOUTOU, N TTABNTIKOTATA MUTTOPEI va BewpnOei wg eTTEKTOON TNG €VvOIOG TNG
ouvapTtnong Lyapunov.

2.2.4 Mndevika kai MoAol

O1 éAoI kal Ta undevikd [5] piag ouvaptTnong HETAPOPAS €ival O CUXVOTNTEG YIQ TIG
OTTOIEG N TIUA TOU TTAPOVOUACTH KAl TOU apiBunTh TNG ouvAapTnong METAYOPAG cival
pMNdév avtioToixa. Or TIHES TWV TTOAWYV Kal Ta PNOEVIKA TOU CUCTHHATOS KabBopilouv
av 10 ouoTnpa eival otaBepd kal 60O KAAA ekTeAgiTal. Mia ikavr) Kal avaykaia
ouvOnikn yia va gival €va cUoOTAPO QUTOPATOU €AEYXOU €UOTOBEG, TTPETTEI OAOI Ol
TTOAOI TNG OUVAPTNONG METAPOPAG TOU CUCTANATOG VA £XOUV apVNTIKA TTPAYUATIKA
Mépn. AnAadr, Ba TrPETTel o1 TTOAOI TOU CUCTANOTOC va BpiokovTal OTO apvnTIKO
MIYOodIKO nuietTiredo. MdaAioTa, 600 TMO pakpld amd Tov @avrtacTikd dgova
BpiokovTal o1 TTOAoI, TOOO TTIO YPAYOPQ N KPOUCTIKA QaTTOKPICN ATTOOREVETAI Kal
OUVETTWG TO CUCTNPA NPEUEI TTIO YPYOPA YETA TNV €lI0QYWYH KATTOIAG dIATAPAXNG.

Ta ouoTAPaTa EAEyXou, UE TNV ATTAOUCTEPN £VVOIA, JTTOPOUV VO OXEDIOOTOUV
aTTAG  avOBETOVTAG OUYKEKPIMEVEG TIMEG OTOUG TTOAOUG Kal Ta PNOEVIKA TOu
ouoTAuatog. Ta ouoTAuata €eAéyxou TIPETTEL va €XOuv €vav aplBud ToAwv
MEYOAUTEPO 1) i00 PE TOV APIOPO TWV PNOEVIKWY. ZUCTHHMATA TTOU IKAVOTTOIOUV auTh
TN oxéon ovopdagovtal OpBa.

14/108



AcG UTTOBEOOUE OTI £XOUME PIa CUVAPTNON PMETAPOPAS TTOU opileTal WG avaloyia duo
TTOAUWVUHWV:

N(s)

H(s)=
D(s)

,6tmou N (s) kai D (s) €ival atrAd TToAuwvua.

¥ poles
ZEeTOS

Eikova 2.6: MewPETPIKOG TOTTOG TWV PICwV

Ta pndevika cival o1 pifeg Tou N (s) (0 apIBUNTAG TNG CUVAPTNONG PETAPOPAG) TTOU
AapBaveral pe T puBuion Tou N (s) = 0 kai TNV eTTiAucn Tou s. O1 TTOAOI €ival o1 PiCeg
Tou D (s) (0o TTapovopaoTAG TNG OuvVAPTNONG METAPOPAGS), TTOU AQUPBAVETQI PE TN
puBuion Tou D (s) = 0 kar TV €mmiAuon Tou s. AGYW TOU TTEPIOPICHOU HAG
TTapATTAvW, OTI JIa CUVAPTNON HETAPOPAG OEV TTPETTEI VA EXEI TTEPIOCOTEPA UNOEVIKA
atroé TOUg TTOAOUG, UTTOPOUME va ONAWOOUME OTI N TTOAUWVUMIKN oelpd Twv D (s)
TTPETTEI va gival JeyaAuTepN A ion PE TNV TTOAUWVUUIKN o€1pd Twv N (S).

2.3 EAgygiuéTnTa Kai MaparnpnoigorTnTa

H EAey§iuétnta kai lMapatnpnoiyétnrta [6],[7] €ivar dUo BaACIKEG €vvoieg TNG
ouyxpovng Bewpiag Twv ouoTnudtwy eAEyxou, o1 OTToieg €lorxbnoav amd Tov
R.Kalman 1o 1960.

e EleygiudétnTa ovopddletal n IKavoTnTa TNG €10000U Uu(t) EvOG CUOTANOTOG va
ETTNPEACEI OAEG TIG PETARANTEG ECWTEPIKNG TOU KATAOTACNG x,(7),X,(?), -....
x,(f) 'Eva 1é1010 oUOTAPO ovOouddZeTal eAéygipo. AvTioToixa n kardaotaon X(t)
evOG auaTpaTtog Aéyetal TTAAPWG eAEYEIUN,OTAV UTTAPXEI OUVAPTNON £I00O0U
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u(t) Ikavr] va TTpayuaTOTIOINCEl TNV PETABOON ATTO PIa APXIKI) KATAOTAON X\ (7)
oTnv TpEXouca KardaoTtaon x (7).

e [laparnpnoipyotnTa ovopalZetar n IkavotnTa OAwv  Twv  PETABANTWYV
EOWTEPIKNAG  KATAOTAONG  X;(f),X5(F), ..... x,(f) €vOG OUuCTAPATOG Vva
etnpeadouv TNV £€0060 y(t). 'Eva T€T010 CUOTNUA OVOUACZETAl TTAPATNPACIUO .
AvtioToixa n karaotaon x(t) evog ouoThpaTtog Aéyetal TTARPWS TTapaTnEaoIun,
otav yia dedouévn €icodo u(t) civar duvatdg o kKaBopliopog KaBe kaTdoTaong
X(t) Tou ocuoTANATOG HOVO aTTd PETPROEIG OTNV £€000 Y(t).

2.3.1 Nivakeg EAey&ipéTNTOG Kai MapatnpnoipéTnTag

MNa ypapuika xpovikd apetdfAnta cucotiuarta (LTI) ,éva ocuotnua eival TTARPwWS
eAEyEIpo OTav o TTivakag eAeYEINOTNTAG (DIAOTACNG NXN)

P =[B AB A°B ... A" 'B]
€XEl BaBus n, dnAadr) opiCouca detP + 0.

ATTé Tnv AGAAn éva ouoTnua €ival TTAApwG TTapaTtneroigo Otav o TTiVOKOG
TTapaTnENOINOTNTAG (diIdoTAONG NXN)

1.T
O=[C CA CA*....C A"

€X€l BaBuo n, dnAadr) opiCouca detQ=+ 0

2.3.2 'pappIavoi TTiVOKEG

O1 Gramians eival TTEPITTAOKEG  MOBNUATIKEG  AEITOUPYIEG TTOU  UTTOPOUVE VO
XPNOIUOTTOINBOoUV YIa VO KaBopIioouv CUYKEKPIUEVA XAPAKTNPIOTIKA Yia éva oUoTNUA.
MNa mapddelypa ytropoupe va xpnolyotroijooupe Gramians yia va kaBopioouue av
éva ouoTnua eival eAéygipo n raparnpAoipgo Etedr) woTtdoo cival 1o TTEPITIAOKES
ammoé AAAeg pEBOOOUG, XpnolhoTToloUvVTal OuvhBWS POvo OTav ol GAAeG pEBodOI
avaAuong aTroTuyxavouyv () gival TTOAU SUCKOAEG).

Controllability Gramian

MT1TOpOoUNE VO OPICOUUE TOV YPAUMIAVO TTivaKa EAEYEINOTNTAG €vOG cuaThuaTog (A,B)
wg
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t
Woltt)) = | AGDBBTA 0 dy

)

To ouoTnua eival eAEyEIuo av 0 BaBPOS Tou ypapuIavou TTivaka eAEYEINOTNTAG gival
id10¢ pe Tov BaBu6 TOU CUCTANATOG.

rank(W.)=n

Observability Gramian

MT1TopoUpE VO OPICOUNE TOV YPAPUIaVO TTIVOKA TTApATNPENCINOTNTAG EVOG OUCTANATOG
(A,B) wg

t
W (g, 1) = | e 6 0CT Cet gy

)

To ouomnupa eival Traparnprioiyo oto didoTnua 7, < ¢t < ¢, av 0 PaBuog Tou
ypauuiavou Trivaka  gival idlog e Tov abud Tou cuoTAUATOG.

rank(W,)=n

Na emmonudavoupue 6Tl yia Ta aueTdBAnTa cuoTtriipata ol Gramians eAeygIudTNTAG KAl
TTOPATNENOINOTNTAG UTTOPOUV va BpeBouv AUvovTag TIG TTAPOKATW EEICWOEIG
Lyapunov.

AW .+ W.A" = —BB”

A'w, +wua=-C"C.

2.4 MovTteAOTTOINON NAEKTPIKWYV KUKAWMNATWYV

H apiBunTtik TTpocopoiwaon [8] Twv NAEKTPOVIKWY BIKTUWV €ival OTEVA OUvOEDEUEVN
ME TNV MovTeAoTToinoNn Tou OIKTUOU. Mia TTOAU KA TTpOCEyyion €ival n TTEPIypPAPr)
Tou OIKTUOU atrd éva ypagnua pe KAAdOUG Kal KOUPoug, OTTou O KABe KAGDOG
QVTITTIPOOWTTEUEI £va NAEKTPIKO OTOIXEIO Kal Ol AKPOOEKTEG TOU CUVOEOVTAl PETAEU
TOUG OTOUG KOUPBoUG. Ta aToixeia Tou SIKTUOU TTEPIYPAPOVTAl TTARPWG aTTd PIa oxXEon
METAEU €VOG pPeUdaTOg OIAKAGdWONG KAl TnG avTioToixng Tdong KAAdou (TTrx
QVTIOTAOEIG, TTUKVWTEG, ETTAYWYEIG, avetdpTnTeEG TTNYEG TAONG Kol PeUpOTOG). Ol
TTEPIYPAPOUEVEG OXECEIG PEUMATOG- TAONG OVOUALOVTAl XAPAKTNPIOTIKEG E£CI0WOEIG
TOU QIKTUOU.
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2.4.1 Baolkég €vVOIEG NAEKTPIKWY KUKAWHATWY

"Eva nAekTpIKO KUKAWPA gival pia d1Iadpour oTnv oTToia Ta NAEKTPOVIA TTPOEPXOVTA
amdé i pory TTNyng Tdong A peluatog. To onueio OmTou Ta NnAekTPoOVIA  autd
EI0EPXOVTAl OTO NAEKTPIKO KUKAWMA OVOUAZeTal “TTNyR” NAEKTPOVIWV EVW TO ONUEIo
OTToU Ta NAEKTPOVIA QeUyouv aTrd TO KUKAwPa ovouddetalr “yeiwon’. To onueio
e€0O0U ovopaletal “emmioTpo®n” €TTEIdN Ta NAEKTPOVIO KATAARYOUV TTAVTA OTNV TTNYN
OT1av OAOKANPWVOUV TNV dIadPONN] VOGS NAEKTPIKOU KUKAWPATOG.

2TA NAEKTPIKA KUKAWMOTA BIAKPIVOUUE TA €ENG MEPN:

e KOUBOG: ZnueEio OTO OTIOI0O CUVTPEXOUV TTEPICOOTEPOI aTTd OUO AYyWYOi.
2UVvNBwg emmonuaivovTal JE YPAPUATA WG ONUEIQ avagopdags yia Tn JEAETN TOU
KUKAWMATOG.

o KA&S0G:MEPOG VOGS KUKAWMOTOG METAEU OUO SIadOXIKWV KOUBWV.

e Bpdxoc:Mépog evog KUKAWUATOG TTOU atTapTifeTal atrd d1adoxIKous KAGdoug
oxnuaTi¢ovTag pia akpIBwg KAEIOTH dladpoun.

2UVvNBwg o€ KABe KUKAwUA XpeladeTal va uTToAoyiCoupe o€ KABE OUOKEUN TNV £vTaon
TOU NAEKTPIKOU PEUPATOG TTOU TN OlapPEEl, TNV TAOT TTOU €QAPPOCETal OTA AKPA TNG,
TNV 1I0XU TTOU PETOQEPETAI OTN OUOKEUN Kal AAAa. MNa Tov UTTOAOYIONO OAWV QUTWV
TWV TTANPOQPOPIWV OE £Va KUKAWMPO XPNOIYOTTOIOUNE GUVBwS Toug vououg Tou Ohm
Kal Toug kavoveg Tou Kirchhoff yvwpidovrag tnv avtiotaon Twv CUOKEUWYV (KAl TwvV
aywywv, av dev gival ageAnTéd) Kal TNV NAEKTPEYEPTIKA duvaun TG TNYAS 1 Twv
TTNYWV.

2.4.2 BaoIKA KUKAWMATIKA OTOIXEIO

Ta KUKAWPATIKA oToIxEia Xwpidovtal og dUO KATNYOpPiEG, avAAoya PE TO AV PTTOPOUV
Va TTAPEXOUV EVEPYEIQ O€ Eva KUKAWUA 1} OXI.

MNadnT1ikd gTOIXEIa

MaBnTika oToixeia ovoudlouphe Ta OTOIXEIQ Ta OTToia &gV PITOPOUV va TTAPEXOUV
EVEPYEIQ O€ £Va KUKAWMA, OAAG JTTOPOUV EITE VA TNV METATPEWPOUV OE Wi AAAN Hopon
(y1a TTapdderypa BepuIkn, unxavikr i GAANG Jop®nrg) A va TNV ATToBnNKEUOOUV O€ £vVa
NAEKTPIKO 11 payvnTikG Tredio. 'Eva 1adnTmikd oToIXEiO €ival €va OTOIXEIO PE TNV
1I016TNTA OTI N TAON KATA PAKOG auTou V(t) Kal To peUpa péow auTou i(t), utropei va
oxeTiCovTal JEOW MIOG OXEONG TNG MOPYPNS
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u=fi,i) /o i=f(v,v)

omou f : R — R kai i’(t), V(t) €ivai Ta TTapdywya Tpwtng 1a¢Ng Twv i(t),v(t)
avrioToixa. H oxéon autry ovouddletal e€icwan oTtoixeiou. Otav n eCicwan oToixEiou
Oev eCaptaTal atrd 1o TTapdywyo, €101 woTe i=f(v) i v=f(i), TOTE TO OTOIXEIO A€yETON OTI

gival

avTIOTATIKO, OAANIWG €ival OUVAMPIKO. 2Tnv  povTeAoTroinon €vog  OIKTUOU

dlakpivovTal 3 dIAQOPETIKOI TUTTOI TTABNTIKWY OTOIXEIWV, Ol AVTIOTACEIG, Ol TTUKVWTEG
Kal Ol ETTAYWYEIG, TWV OTTOIWV Ol XAPAKTNPIOTIKEG ECICWOEIG TTEPIYPAPOVTAl WG EEAG

1.

Avtiotdrng(Resistor): TrepiopiCeTal 1 aAMILOG QVTIOTEKETAI OTNV POR  TOu
NAEKTPIKOU peUpaTog akoAouBwvtag Tov Nouo v = Ri ,61mou R €ival n iy g
avtiotaong. H oxéon autr) ptropei KATTOIEG QOPES VA ypaPTEl KI wg i = Gv ,
otrou G = 1/R ovopddetal aywyiuoTnra.

~“AAAN

MukvwTtiAg (Capacitor): ammobnkevel evépyela o€ €va NAEKTPOOTATIKO TTEdIO
akoAouBwvtag Tov Nopo g = Cyv, 61rou q gival To nAekTpikd @opTio Kal C ival
N TIUA  XwpNTIKOTNTAG. Ta XAPAKTNEIOTIKA TAONG peUPATog divovTal atmd Tnv
oxéon i=dq/dt=C dv/dt (n xwpnTIKATATA €ival oTOBEPNR).

o

Emaywyéag(Inductor): ammobnkelel evépyeia oe éva nAekTpouayvnTik® TTEdio
akoAouBwvtag Tov Nopo & = Li, étrou @ eival n payvnTikr pon, 1o L €ivai n
TIUA TNG QUTETTAYWYNG. TO XOPAKTNPIOTIKO TAONG-pEUPATOG diveTal aTTd TNV
oxéon u=d® /dt= Ldi /dt (n eTaywyn €ival otabepn).

L. 7

Evepyd oToixgia

Evepyd oTtoixeia ovopdloupe Ta OTOIXEIQ TA OTTOIO PTTOPOUV VA TTAPEXOUV EVEPYEIQ
OTO KUKAwWWA. MNa Adyoug atrAGTNTOG, OTNV CUYKEKPIPEVN EPYOOia Ol aveEdpTNTES
TTNYEG Ba gival Ta pévo evepyd OTOIXEID TTOU BEWPOUE.
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e [nyn 1dong(Voltage source) : €ival €va KUKAWPATIKO OTOIXEIO TO OTTOIO
TTOPAYEl NAEKTPIKI EVEPYEID OTO KUKAWPO pEOw TnNG Taong (diagopdg
duvapikou). H avegdptntn 1Ny 1adong éxel diagopd duvapikou oTa AKpa TnG
aveEdpTnTn a1Td TO PEUMA TTOU TNV dlappéel. TO XapAKTNPIOTIKO pEUMA- TAONG
divetal atré TNV oxéon v = E, 61Tou E n duvaun 1ng TTNyNnG.

v(t) |

Na onueiwooupe woTdoo OTI TO v dev £¢apTdTal atmd To peUPa KAGDOU .

e [nyn peupatog(Current source) :€ival €va KUKAWUOTIKO OTOIXEIO TO OTTOIO
TTOPAYEl NAEKTPIKN EVEPYEIQ OTO KUKAWMPA PEOW TOU peupartog. H avegdptntn
TNy PEUPATOG TTPOCPEPEI PEUUA OTO KUKAWHA, TOU OTToiou n €vraon eival
aveEdpTntn atmd TNV Tdon OTa AKPa TNG TTNYNS .TO XOPAKTNPIOTIKO PEUNO-
Tdong divetal atrd TNV oxéon i = |, 610U | N dUvaun TNG TTNYNC.

i(t)

(H

Na onpeiwooupe €tTiong 0TI TO | dgv €apTaTal ATTO TNV TAOT TOU KAGOOU V.

TENOG yia OAa Ta KUKAWMOTIKA aToixeia akoAouBoupe Tnv ouleuyuévn @opda TAONG
PEUPATOG: TO PEUPA va odnyeiTal atrd ToV akpodEKTN YE TO UWNASTEPO BUVANIKS (+)
TIPOG TOV OKPOBEKTN ME TO XANNAGTEPO duvauikd (-). H ouleuyuévn @opd avapopds
PEUPATOG KOl TAONG KABe KAAOOU €VOG KUKAWMATOG €TTIAEyovTal TTpIV OTTd TNV
avaAuon Tou KUKAwpatog. Edv 1o mTpayuaTtikd peupa 1Tou Ba TTPOKUWEI PETA TNV
avdAuon cival BeTIKO, TOTE N POPA TOU PEUPATOG €ival AUTH TTOU ETTIAEXONKE ApPXIKA.
Edv 10 TTpaypaTtiké pelupa TTPOKUWEl apvnTIKO, TOTE N QOPA TOU PEUUATOG Eival
avTiOeTn a1rd AUTHA TTOU ETTIAEXOBNKE apxIKA. To idlo 1oxUEl Kal yia TnV Taon.

2.4.3 N6poi Tou Kirchhoff

H nAEKTPIKA CUUTTEPIPOPA EVOG KUKAWUATOG TTEPIYPAPETAI TITARPWG ATTO TOUG VOUOUG
Tou Kirchhoff. O1 véporl Tou Kirchhoff 1ox00uv yevikd yia K40e nAekTpikd KUKAwUA ,
Oev eCapTwvTal atmmd TN QUON TwV NAEKTPIKWY OTOIXEIWV TTOU OUVOETOUV TO KUKAWWQ,
TTapd povo atrd Tnv TotroAoyia (YEWMPETPIKA Hop@r], dour) Tou KUKAWPATOG. O1 vouol
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givar dUo, o vopog peupdtwy Tou Kirchhoff (KCL) kal o vOpog TACEwvV Tou
Kirchhoff(KVL).

1. O vopog Twv peupdTtwy Tou Kirchhoff repiypdagel Tnv apxn diatripnong Tou
NAEKTPIKOU QOPTIOU, CUPPWVA HE TNV OTTOIA TO NAEKTPIKO POPTIO OUTE KATAOTPEPETAI,
ouTe OnuIoupyeitTal €k TOu HPNOEVOG, aAAG dlaTnpeital oTaBepd 0€ KABE KAEIOTO
oUoTNUA. ZUVETTEIA TNG APXNG QUTAG €ival N apxr] d1aTripnong Tou NAEKTPIKOU YOPTiou
o€ £vav KOpRo. Mtropoupe va TrepIypayoupe Tov VOO peupdaTwy Tou Kirchhoff (KCL)
wg

n

2 g =0

k=1
OnAadn, 10 dBpoicpa SAWV TwV PEUPATWY TOU KAAOOU TTOU €I0EPYXOVTAl OE £VavV
KOuBo 1ooUTal peE TO MNdEv, AauPdavoviag uttown €évav KOPBo e  pelpata
dIakAAdwWOnNG iy, .., i, TTOU Ba eI0éABouv 0€ auTdv Tov KOURo.

2. ATT6 TNV GAAN  pTTopoUuE va dIOTUTTWOOUME TO VOPOo Tdong Tou Kirchhoff  (
KVL)wg

> v(t) =0
k=1

onAadny To dBpoicua OAwv Twv TACEWV TWV ETTIHEPOUG KAGdwv ot évav Bpodxo
IooUTaI ME TO PNOEV, Qv OKEPTOUUE €va BPOXO HE TAOEIG DlaKAGdwoNG V,. .., V,.

2.4.4 Nivakag rpéomrTwong - Nevikeuon vopwyv Kirchhoff

2€ £va KUKAwMO OTTou UuTTdpyouv TToAAoi KOOI Kal BpdyXol, TTPETTEI va YPa@TOUV Ol
vopol KCL kal KV L yia kdBe évav ammd autoug yia va TTEPIYPAPEI N TOTTOAOYia TOU
KUKAWMaTOG. [ivetal AoITTov avTIANTITO OTI XPEIACETAl £VOG CUCTNUATIKOG TPOTTOG VIO
VO AVTANOOUNE OAEG AQUTEG TIG ECI0WOEIG VIO TO KUKAWMA TTOU Pag diveTal.

Ac¢ uttoBéooupe ot €xoupe éva ypdgo G = (V, E) (6mou |V | = n 10 oUvOAO TwV
KOUBwvV Tou Kai |[E|] = m 10 oUVOAO Twv KAGBWYV Tou). Z& KABe ypdpo G avTIoTOIXE]
évag Trivakag mpoéoTTwong (incidence matrix). O Trivakag TTpOCTITWONG €ival £vag
mivakag didotaong |V | x |E| epooov ol ypauuég Tou apiBuouvtal pe BAon Toug
KOuPBoug kal ol OTAAEG pe PAon Toug KAGdoug Tou ypdgou .Ta oToixeia TOu
eAQTTWHEVOU TTiVaka TTPOCTITWOoNG A opifovTal aTTd TNV OXEoN

—1, eav 0 KAGS0C | EloépyeTon oTov KopPo i

+1, e 0 kAdSoc j eEépyeTon amd Tov kdufo i
Ajj =
0, eav 0 KAdSoC | 68 ouvdéeTal pe Tov kopfo i
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MNa va ekeppdooupe Toug vopoug Tou Kirchhoff kdvoupe xprion Tou TTapatévw
Tivaka TTPO0TITWONG,ETOI WOTE VA TTPOKUWOUV Ol OIOVUOUATIKEG €CICWOEIG TTOU
XpelalopaoTe . Ocwpoupe Aoitrév €va KUKAwpa pe V ={0, 1, 2, ..., n — 1} T0 oUvoAo
TWV KOPBwWYV, 61Tou 0 gival o kKOUPog avapopds (ouvrBwg o KOPPOS TNG yeiwong) Kai
E={e, e, ..., en} 70 OUVOAO TWV KAGBWYV TOU KUKAWUATOG.

O vopog peupdaTtwy Tou Kirchhoff (KCL) trepiypdgetal atmrd tnv egicwon:
Ai()=0,

N otroia ekPPAclel OTi To aAyeBpPIKO ABpoIoUa TWV PEUNATWY OE KABE KOPPBO eival ioo
ME TOo pNdév. AvtioToixa o vopog Tdoeswv Tou Kirchhoff (K V L) repiypdgetal atmmd tnv
eCiowon:

u(®) = A v(@),

n otroia ekPpPAdlel 0TI N Taon o€ KABe KAAdO €ival ion pe TNV dlagopd OUVANIKOU TwV
KOUBwvV ToUu KAGdOouU.

AkoAouBei éva atrAd TTapddelyua TTou Oeixvel TTWG dNUIoUPYEITAI O EAATTOUUEVOG
TivaKag TTPOCTITWONG HEOA ATTO £Va KUKAWUA.

Eikova 2.7: EvOeikTIKS TTapddelypa: apxIkd KUKAwUa

O Trivakag TTpOOTITWONG TOU KUKAWHATOG WG TTPOG TNV YEiwaon givai:

-1 +1 41 0 0 0
A=10 0 -1 -1 0 0
0 -1 0 0 +1I 41

210 oxfua (Eikéva 2.8) @aivetal £va evOEIKTIKO KUKAWMPA PE PIKPO apiBUo aToixEiwy,
OtTou pe PBaon TG dladikaoieg TTou TTeEpIypAWaue @Tacape oTo TEAIKO ypA@po Tou
oxAuaTog(Eikdva 2.9).
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0
G,

Eikova 2.8 : EVOeIKTIKO TTapadelyua: TTopeia TTpog Tov TEAIKO ypAagpo

A1é Tov KVL €xoupe:

1y ] [—1 0 0]
(15 +1 O —1
us| |41 -1 o | |™
url “ 10 -1 o |™
Uus 0 0 +1 us
| Us | | 0 0 -|—1_

Kai atré Tov KCL avTioToixa €XOUE:

1 41 41 0 0 011" o
0 0 -1 -1 0 0% =10
0 -1 0 0 +1 +1| " o
5
i6

2.4.5 Tpotrotroinuévn avaAuon KOuRwv

H tpotrotroinuévn avéAuon koupwv (MNA) uttoAoyilel TIG TAOEIG TWV KOPPWYV Kal TO
pelua oOpIoPéEVWY KAGdWV TOU KUKAWHATOG. Ta m OToIXEid TOU KUKAWMATOG
XwpicovTtal o€ dUO KATNYOPIEG:

1. Ta oToixeia TG katnyopiag 1 gival oToIXEiO TWV OTTOIWYV O EEICWOEIC UTTOPOUV va
Ypagouv aTnv Hopery
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20-1%20%26%20%2B1%20%26%20%2B1%20%260%260%260%5C%5C%200%20%260%20%26-1%26-1%260%260%20%5C%5C0%20%26%20-1%20%26%200%260%26%2B1%26%2B1%5C%5C%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20i_%7B1%7D%20%5C%5C%20i_%7B2%7D%20%20%5C%5C%20i_%7B3%7D%5C%5Ci_%7B4%7D%20%5C%5Ci_%7B5%7D%5C%5Ci_%7B6%7D%20%20%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%200%20%20%5C%5C%200%20%5C%5C%200%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20u_%7B1%7D%20%20%5C%5C%20u_%7B2%7D%20%20%5C%5C%20u_%7B3%7D%20%5C%5Cu_%7B4%7D%5C%5Cu_%7B5%7D%5C%5Cu_%7B6%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%3D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20-1%20%26%200%20%26%200%20%5C%5C%20%2B1%20%260%20%26-1%20%5C%5C%2B1%20%26%20-1%20%26%200%5C%5C0%26-1%260%5C%5C0%260%26%2B1%5C%5C0%260%26%2B1%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20u_%7B1%7D%20%5C%5C%20u_%7B2%7D%20%20%5C%5C%20u_%7B3%7D%20%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20u_%7B1%7D%20%20%5C%5C%20u_%7B2%7D%20%20%5C%5C%20u_%7B3%7D%20%5C%5Cu_%7B4%7D%5C%5Cu_%7B5%7D%5C%5Cu_%7B6%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%3D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20-1%20%26%200%20%26%200%20%5C%5C%20%2B1%20%260%20%26-1%20%5C%5C%2B1%20%26%20-1%20%26%200%5C%5C0%26-1%260%5C%5C0%260%26%2B1%5C%5C0%260%26%2B1%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20u_%7B1%7D%20%5C%5C%20u_%7B2%7D%20%20%5C%5C%20u_%7B3%7D%20%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D

du
0(0) = g (1) + ¢ (%) +5;(0)

2€ QUTH TNV Kartnyopia TrepIAaUBAvovTal AVTIOTAOEIG, XWPENTIKOTNTEG Kal TTNYES
peUPATOG.

2. ZT1oixeia Twv OTToiwv Ol €§I0WOEIG dEV PTTOPOUV VA ypaPOUV OTNV TTAPATTAVW
Mop®n aTToTEAOUV Ta OTOIXEIO AUTAG TNG KaTnyopiag. MNeplAauBavovTal TTRyES TAoNG
Kal Trnvia.

YTmoBétoviag Ot m; €ival TO OTOIXEIQ TNG KATNyopiag 1 Kal m, €ival Ta OTOIXEIA TNG
KaTtnyopiag 2 Xwpifouphe Tov eAQTTWHEVO TTiVOKA TTPOCTITWONG A Kal T dIavUOPATA
u(f) kai i(f) o€ uTrtd- TTVAKEG Kal UTTd- dlavUuoPaTa, T OTToia avTIoTolXoUuv OTIG dUOo

KATNYOPIEG TWV OTOIXEIWV WG EENG

A=[A A

OTTOU Ol UTTO- TTIVOKEG £XOUV TIG £EMNG DIOOTACEIG:

A — (n—1)xm,
Ay = (n—1)xm,
u, —my <1
U, — my <1
iy —>mpx1

Iy > my X1

A6 Tov KCL 61Twg €idape Kal TTapatravw I0YUEL:

Ai(1)=0 e A, ;) +A4,0,(7)
2.1)

Kal a1t Tov KVL:

u(ty = A"V (1) & u(6)= AV (0)
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7Du(t)%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20u_%7B1%7D(t)%20%20%5C%5C%20u_%7B2%7D(t)%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7Du(t)%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20u_%7B1%7D(t)%20%20%5C%5C%20u_%7B2%7D(t)%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DA%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20A_%7B1%7D%20%26%20A_%7B2%7D%20%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7Di(t)%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20i_%7B1%7D(t)%20%20%5C%5C%20i_%7B2%7D(t)%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D

uy(t) = A3 V (0)

(2.2)
KaBwg
AT
Aj
Kal
AL —>my % (n=1)
Ay > my % (n=1)
O1 e€lowOEIg TV OTOIXEIWV TNG KaTnyopiag 1 ypagovTtal uttd Tn Jop®r TTivaka:
. _ du, (9)
i(t) = Gu () + C—= +5,(t) (2.3)

OTTOU:

G: gival évag dlaywviog Trivakag didoTaong m; x m; HE PN- PNOEVIKA OTOIXEIQ OTIG
B€o€eIg TWV AVTIOTACEWV KOl PNOEVIKA OTIG BECEIC TWV TTUKVWTWY KAl TWV TINYWV
PEUUATOG.

C: gival évag diaywviog Trivakag diaotaong m; x m; HE PN- HNOEVIKA OTOIXEIQ TNV
Béon TWV TTUKVWTWV Kal PNOEVIKA OTIC BECEIC TwV AVTIOTOTWY KAl TwV TTNywV
pPeUPATOG.

S, : €ival éva diavuopa didoTaong m; x 1PE pn- PNOEVIKA OTOIXEIQ OTIG BECEIG TwV
TTNYWV PEUPATOG KAl UNOEVIKA OTIG BECEIG TWV TTUKVWTWY KAl TWV AVTIOTOTWV.

i, = g (f): 0TaV O k-KAADOG PEPEI avTiOTACT).

. du,, . . . ,
im = C,,,LﬂT(’) : OTAV 0 m -KAABOC PEPEI TTUKVWTH.

O1 e€lowoeig Twy oToIXEIWV TNG KaTnyopiag 2 ypdgovTal uttd TNV €§AG HopPn
TTivaka:
diy

uy(t) = L=+ 5,(2) (2.4)
oTTOoU:

L: gival évag diaywviog TTivakag didoTaong m, X m, HE PN-MNOEVIKA OTOIXEIQ OTIG
B£0€IC TWV TTNVIWV Kal INBEVIKA OTIG BECEIC TwV TThYWY TAONG.

S, @ gival éva diavuopa dIAoTACNG m, X 1 HYE pN- MNOEVIKA OTOIXEIQ OTIG BECEIG TWV
TTNYWV TAONG KAl NOEVIKA OTIG BETEIG TWV TTNVIWV.
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AvVTIKaBIOTWVTAG TNV TTPWTN oxéon NG (2.2) otn (2.3) Kal KAToTTIV TO OTTOTEAECUA
QUTAG OoTNnV egicwon (2.1) €xoupe TNV €ENG OXEON:

A, GALV () + A, CA V(£ + Ayin(1) = — A4,S,(0) (2.5)

Emriong, avtikaBiotwvTtag tn deUTepn oxéon TG (2.2) oTtnv (2.4) TTPOKUTITEI
ATV ()~ L= = 5,(1)
(2.6)

O ouvduaoPOg TwY dUO TTAPATTAVW EEICWOEWV divel Eva oUOTNUA OIAOTACEWV:
[(1= 1)+ m] < [(1=1) +m,]

TO OTTOIO TO YPAPOUUE O€ £vVAV EKTETANEVO TTIVOKA WG €EAG:

s L -

kail Trepiypagel Tnv MNA avédAuon Tou oucTAUATOG.

2.4.6 2ZuoXeTIoNOG TwV MNA €§lI0WOEWV PE TIG OUVAUIKEG EEIOCWOEIG

‘EoTw o1 MNA e€lowoeig

Gx + C x' = Bu,, ()
() = L% (2.8)

x(?) : €ival To diIdvuopa KaTdoTaong HE HEyEBOG n

u,,(f) : arroTeAEi TO dIAvUO A TWV EICOdWYV PE PEYEBOG N,

u,,(t): €ival To didvuopa Twv £5OdWV peyEBoug N, , 600G dnAadn kal o apIBPOg Twv
€€O0WV

C,G: armoTeAoUV TETPAYWVIKOUG n X n TIIVAKEG, Ol OTTOiOI TTPOKUTITOUV OTTd TA
OTOIXEIa KAl TRV TOTTOAOYiQ TOU KUKAWPATOG

B: gival o mmivakag n x N;, TTOU QVTIOTOIXiCEl TO DIAVUOUA TWV EI000WV
u,,(1) 07O dIAVUO A TWV PETARBANTWY KATAOTAONG X(7)

L: €ival o mrivakag n x N, TTOU avTioTolxi(el TO dIAVUOUO TwV £E00WV u
d1dvuoua Twv YETABANTWY KaTtaoTaong x(f)

[?) aT0

ou
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20V(t)%20%20%5C%5C%20i_%7B2%7D(t)%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%2B

2€ TTapaTTavw evotnTa O€iCape Tov UTTOAOYIONSG TNG ouvapTNONG METAPOPAS EVOG
OUCTAPATOG, KAVOVTAG XPrOon Twv JETaoxnUaTiIopwy Laplace. pdrtrovrag dpola kai
OTIG £I0WOEIG TNG (2.8) €XxOUE TNV €€1G oUVAPTNON METAPOPAG:

H(s)=L"(G+sC)'B
Oa armodeicoupe Aoimmév TTwg ol TTapamavw MNA e€lowoelg, gival dpoleg PE TIG
ouvapikés.  YmoBétoupe Twg o Tivakag  C o gival  avTIOTPEWIPOG KOl

TTOAQTTAQOIACOVTAG PUE AUTOV TTPOKUTITEL:

Gx + Cx'= Bu,,(t) =
C'Gx +C_,Cx' = C_,Bu, (1) =

x'= —C'Gx + C'Bu,/(f) (2.9)
OfTwvTag,

A= -C'G

b=C'B (2.10)

kal kdvovtag avTikatdoTtaon NG oxéong (2.10) otn oxéon (2.9) €xouue

x=Ax + bu,,
loxuer 61T n €€0d0¢ cival idla pe TTpIv, amAd dla@épel o ouuBoAioudg, To L dnAadn
gival ¢

V ou®) = LTx(0)
0l OTToieC aTroTEAOUV TNV KATAOTATIKN €€icwaon kal Tnv e€icwaon €£6dou avTtioToixa
oTn Mopen Tou Ocigaue TTaparravw. ETol Aoimtdév @TAVOUPE Kal oTn ouvapTnon
METAPOPAG OTTWG aTTOdEIEaUE O€ TTPONYOUNEVN evoTNTa, dNAAdH oTNnV £gicwon:

H(s)=C'(sI-4)'b.

H cuptTEPIQOpPd KABE port uTTopEi va TTEPIYPAPET ATTO TN OXEON
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O Trivakag Y TTEPIEXEl AYyWYINOTNTEG, O V TACEIC KAl 0 [ peupaTta. ZToV TTivaka Y ol
MOVEG TTNYEG TTOU ETITPETTOVTAI OTO KUKAWWMQ, €ival ol TTNYEG TAoNG KATA PUAKOG TwV
ports. 'ETOl  AoITTOV  €ival  avaykaieg  KATTOIEG  avTiKATOOTAOEIS  OTIG MNA
£81I0WOEIG,ONAAON TO u,;,(f) UETATPETTETAI O u,(f) TTOU gival TO OIAVUOUA TWV TACEWY
oTa ports Kal Tou,,(t) Ot i,(f) TOU €ival TO dlAvuoua Twv pPeupdTwy. Or £godol
MTTOpOUV va uTtoAoyioBouv atmd TIG €10000ug Kal atmodelkvueTal 0Tt B = —L ‘ET0I
EXOUE:

Gx + C X' = Buy(?)

()= —B'x

O TTiVvaKag avTINETABEONG eival

Y(s)= —B'(G+sC)'B

lNa va Bpoupe Tov TTivaka Z £X0UNE
Gx + C X' = Buy(?)

ip(t) = B'x
€101 AoITTOV,

Z(s)=B"(G+sC)'B

2T0 onueio autd Ba dwooupe éva TTAPAdEIYMA WOTE va Yivel MO KATtavonTh n
diadikacia. 'EoTw 10 TTOPAKATW KUKAWWPGQ,dnUIoupyouue Toug Trivakeg G, C kai B,
EVW TO dIAVUO A KATAOTAONG Eival
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20Y_%7B11%7D%20%26%20Y_%7B12%7D%20%26%20...%20%26%20Y_%7B1N%7D%5C%5C%20Y_%7B21%7D%20%26%20Y_%7B22%7D%20%26%20...%20%26%20Y_%7B2N%7D%20%5C%5C%20...%20%26%20...%20%26%20...%26...%20%5C%5CY_%7BN1%7D%20%26Y_%7BN2%7D%20%26...%20%26Y_%7BNN%7D%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20V_%7B1%7D%20%20%5C%5C%20V_%7B2%7D%20%5C%5C%20...%5C%5CV_%7BN%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20I_%7B1%7D%20%5C%5C%20I_%7B2%7D%20%5C%5C%20...%20%5C%5CI_%7BN%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20Y_%7B11%7D%20%26%20Y_%7B12%7D%20%26%20...%20%26%20Y_%7B1N%7D%5C%5C%20Y_%7B21%7D%20%26%20Y_%7B22%7D%20%26%20...%20%26%20Y_%7B2N%7D%20%5C%5C%20...%20%26%20...%20%26%20...%26...%20%5C%5CY_%7BN1%7D%20%26Y_%7BN2%7D%20%26...%20%26Y_%7BNN%7D%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20V_%7B1%7D%20%20%5C%5C%20V_%7B2%7D%20%5C%5C%20...%5C%5CV_%7BN%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20I_%7B1%7D%20%5C%5C%20I_%7B2%7D%20%5C%5C%20...%20%5C%5CI_%7BN%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D

Eikdva 2.9: EvdelkTikO TTapadelyua dnpioupyiog MNA eglowoewy

Gy -Gy 0 0 0 [0 0 0 0 0|
~-G1 (Gi+Gy) -Gy 0 0 0 (C14+C) -C. 0 0
G=1| 0 —Gs G, 0 0 C=10 -G. (C.+Cy) 0 0
0 0 0 Gy -1 0 0 0 0 0
0 0 -1 0] 0 0 0 -1 -L]
VA 1 0]
Vy 00
T = V2 B=1{0 0
Vi 0 1
I 00

2.5 Xpioipeg évvolieg NpappikAg AAyeRpag

2.5.1 I1d10TIEG KaI I1B1081aVUC AT

‘EoTw A € R™ évag TeTpaywvikdg TTivakag tagng n. ‘Eva didvuoua u € R" Aéyetal
161001&vuCa Tou TTivaka A av UTTAPXEl apIBPNOS A € R" TETOI0G WOTE va I0XUEI
Au=hu .

Av 10 u# 0 10TE O A €ival povadika TTPoodIoPIoUEVOG Kal AEyeTal 1I10TIUA TOu A TTOU
AVTIOTOIXEI OTO I010DIAVUC A U.
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DI_%7Bp%7D%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20i_%7B1%7D%20%20%5C%5C%20i_%7B2%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DC%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%200%26%200%20%260%260%260%20%5C%5C%200%20%20%26%20(C_%7B1%7D%2BC_%7B2%7D)%20%26%20-C_%7Bc%7D%260%260%20%5C%5C%200%20%26%20-G_%7Bc%7D%20%26(C_%7Bc%7D%2BC_%7B2%7D)%260%260%5C%5C0%260%260%260%260%20%5C%5C%200%260%260%26-1%26-L_%7B1%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7Dx%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20V_%7B1%7D%20%20%5C%5C%20V_%7B2%7D%20%20%5C%5C%20V_%7B2%7D%20%5C%5C%20V_%7B4%7D%5C%5CI_%7BL%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DB%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%201%20%260%20%5C%5C%200%260%20%20%5C%5C%200%260%20%5C%5C%200%261%5C%5C0%260%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DI_%7Bp%7D%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20i_%7B1%7D%20%20%5C%5C%20i_%7B2%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DU_%7Bp%7D%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20U_%7B1%7D%20%20%5C%5C%20U_%7B2%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DG%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%20G_%7B1%7D%26%20-G_%7B1%7D%20%260%260%260%20%5C%5C%20-G_%7B1%7D%20%20%26%20(G_%7B1%7D%2BG_%7B2%7D)%20%26%20-G_%7B2%7D%260%260%20%5C%5C%200%20%26%20-G_%7B2%7D%20%26G_%7B2%7D%260%260%5C%5C0%260%260%26G_%7B3%7D%26-1%20%5C%5C%200%260%261%26-1%260%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DC%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%200%26%200%20%260%260%260%20%5C%5C%200%20%20%26%20(C_%7B1%7D%2BC_%7B2%7D)%20%26%20-C_%7Bc%7D%260%260%20%5C%5C%200%20%26%20-G_%7Bc%7D%20%26(C_%7Bc%7D%2BC_%7B2%7D)%260%260%5C%5C0%260%260%260%260%20%5C%5C%200%260%260%26-1%26-L_%7B1%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DU_%7Bp%7D%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20U_%7B1%7D%20%20%5C%5C%20U_%7B2%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7Dx%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20V_%7B1%7D%20%20%5C%5C%20V_%7B2%7D%20%20%5C%5C%20V_%7B2%7D%20%5C%5C%20V_%7B4%7D%5C%5CI_%7BL%7D%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7DB%20%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%201%20%260%20%5C%5C%200%260%20%20%5C%5C%200%260%20%5C%5C%200%261%5C%5C0%260%5Cend%7Bmatrix%7D%20%5Cright%5D

EUpeon 1D10T1pAG

1.Apxik& AUvoupe Tnv e€iowon det (4 —X) dnAadr agaipoUue 10 AaTrd TNV KUpIa
dlaywvio Kal AUVouuE TV

aii-x . Qin
an,1 v Opp—X
H ouvaptnon |4 — Al | givar éva TToAuwvupo Babuou n KAl KOAEITAl XOPAKTNPIOTIKO
TTOAUWVUPO TOU TTivaka (av 0 A — Al €ival avTIOTPEWYIPOG TOTE EUKOAA CUVETTAYETAI OTI
u=20).
2.2TnV CUVEXEIQ YIa KABE 1810TIUA A EEXWPIOTA AUVOUUE TO OUOYEVEG OUCTNUA
A-ADX=0

yla va Bpoupe Tov avTioTolxo 1010Xwpeo. OuciaoTIKa Bpiokoupe yia Bdon atmmd
1I010010vUCUATA.

2.5.2 MeTaoXNUATIOMOiI OJOIOTNTAG TTIVAKWY

‘EoTw 611 T € R™ ¢eival €vag avTIOTPEWIPOG, TETPAYWVIKOS TTrivakag diaoTaong ».
NEpe OTI dUO TTIVOKEG A4, B €ival GUOIOI AV UTTAPXEI HETAOXNMATIOUOG OPOoIGTNTAG TTOU
va OXETiCEl Tov €va TTivaka JE Tov AAAO. AnAadr av utTdpxel €vag avTIOTPEWIPOG

mvakag T € R™ TéT010¢ WOTE va loXUsl B=T 'AT. H omekévion T AT
OVOMAZETAl HETAOXNMUATIOPOG OUOIOTNTAG TOU TTIVAKA A KAl I0XUEI N akOAoubn oxéon

2.5.3 AlavuoHaTIKOI XWpPOol

e OpIoUO6G BIAVUCHATIKOU XWPOU
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%20T%5E%7B-1%7DAT%5Cend%7Bmatrix%7D%20%5Cright%5D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%201%2FT%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20A%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20T%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20a_%7B1%2C1-%5Clambda%7D%20%20%26...%26a_%7B1%2Cn%7D%20%5C%5C%20...%20%26%20...%20%26%20...%20%5C%5C%20a_%7Bn%2C1%7D%20%20%26%20...%26a_%7Bn%2Cn-%5Clambda%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D%3D0
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%20T%5E%7B-1%7DAT%5Cend%7Bmatrix%7D%20%5Cright%5D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20A%20%5Cend%7Bmatrix%7D%20%5Cright%5D%20

Eival xwpol [9] TTou éxouv wg oToixeia Toug diavuoparta (ouvoAa dlavuoudaTwy). O
Mo oikeiog eival o R®, dnAadn o TpIodIAoTaTOC EUKAEIDEIOG XWPOG, KABWCS Kal 0 R?,
OnAadn 1o etTiTredoO.

e Bdon diavuopuaTikou Xwpou

NEyeTal KABE TTETTEPACHEVO OUVOAO [9] YPAMUMIKA aveCApTNTWY OIOVUOUATWY TOU
XWPOU TETOIO WOTE KABE dIAVUOUA TOU XWPEOU VA UTTOPEI va YPOQPEi WS YPAUMIKOS
ouvOUAO OGS TWV dIaVUOUATWY TNG Bdong.

e OpbBokavovikég Baoelg

Av ta diavuopata TNG BAaong [9] ekTdC atrd ypauuIK& avegdpTnTa gival ETTITTAEOV Kal
opBoywvia, n Bdon [AéyeTal opBoywvia. Av gival opBokavovikéd (opBoywvia ava duo,
ME PETPO povada, OnA. e-e=06;) n Baon Afyetalr opBokavovikn. OI 0pBOKAVOVIKEG
BAoeIg atToTeEAOUV YEVIKA TNV TTI0 XPACIKN TTEPITITWON BACNS dIAVUCUATIKWY XWPWV.

e OpBoywviotroinon Gram-Schmidt

Eival pébodog [9] pe Tnv OTTOIa PTTOPOUME VO KATAOKEUAOOUME ATTO €va OUVOAO
YPOUMIKG aveEdpTNTWV BIAVUCUATWY €va 0UVOAO 0pBOKAVOVIKWY dIaVUCHUATWV.

Oa epapudéooupe TN HEBOGO o€ dlavuouaTa TOU YVWOTOU Mag TPIodIdoTaTOU
gUKAgideIou XWpou R3. ‘EoTw Ta Tpia ypaupIka aveédptnta diavuouata Tou R, v, v,,
V,. @0 KATAOKEUAOOUUE aTTO aUTA Tpia opBokavovikd diavuouara, é,, é,, é,.

=EKIVAYE PE TO V,, TO OTIOI0O KAVOVIKOTTOIOUME OIAIPWVTOG TO PE TO HETPO TOU,
TraipvovTag €101 170 didvuopa é,= v,/| v,|. XpnoIPOTTOIWVTAG TO V,, KATAOKEUACOUME
éva diavuopa, v, , KABeTo oTO Vv, (KaI OTO &€,), agaipwvTag ard T0 V, Tn OuvIOTWOod
Tou TNV TTAPAAANAN oto é,: v,” = v, - A é,. lNaipvoviag T0 €OWTEPIKO YIVOUEVO
é,v, =0, mrpokUTITEl A=€,Vv,. Apa, v,” = v, — (&,V,) &, KaI &,= v,/| v,’|. ZuvexiCovtag
avaAoya, KaTaoKeUAZoupe atrod TO v, To dIdvuoua v, TO OTT0iO0 gival KABETO OTa &, Kal
€, aQaIPWVTag TIG CUVIOTWOEG TOU Vv, TIG TTAPAAANAEG OTa €, Kal €,: V; = V;-Aé,-pé,.
Ta A kar g uttoAoyiovtal o110 T €0WTEPIKA yIvopeva &,v,=0 kal &,v,=0 (A=&,.v,,
M=&,V;), Kal TO &, YE KAVOVIKOTTOINON Tou V,;" (dnA. pe diaipeon pe 1o PETPO Tou). H
dladikaoia e@apudleTal avaloya Kal 0€ XWPOUG TTEPICTOTEPWYV dIOCTACEWV.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEPAAAIO 3

MEBodo1 utroBiIBaocuou Ta¢ng MOVTEAOU
(MOR)

OI aAy6piBuol utroBIBacpou Tagng povréAou( Mor ) éxouv amodeixBei 6T gival pia

TTApa TTOAU KAAR TEXVIKA yia va €TTITAXUVOUV TNV TTPOCOMOIWoN €vOg padnuatikou
MovTéAlou piag diepyaciag. 210 Ke@AAaio autd Ba dwooupe apXIKA TOV YEVIKO
opiop6é Twv  Mor aAyopiBuwyv, Ba dei€ouye TTOIOC €ival 0 OTOXOG AUTWY, TTWG
A&IToupyoUv KaBwg Kal TTOIEG €ival Ol BACIKEG KATNYOPIEG OTIC OTToiEG XwpilovTal .

3.1 Eilcaywyn otoug Mor aAyopifpoug

O1  aAyopiBuor utroBiBacpou Tagng povtédou( Mor ) sivar pia ammé Tig Texvikég CAD
TTOU €TTIVONONKAV yIa va BEATILOOOUV TNV OTTOTEAECUATIKOTNTA TNG TTPOCOMOIWONG
TwV TOAU peydAwv cuoTtnudtwy. Eivar yvwotd 611 ToAAG olyxpova uabnuatiké
MOvTéEAa Adyw TOu peydAou peyEBoUG  KiI TG TTOAUTTAOKOTNTAG TOUG  daTTavouv
MeEYAAa TTO000TA XPOVOU KI ATTOBNKEUTIKOU XWPOou MHEXP! va Ppedei n amodkpion
ouxvotntag Tou cuoTtruatog [10]. H atmrAouoTteuon Toug AOITTOV  €ival atrapaitnTn
woTe  va  ammo@euyovrtal  TTPoBAApaTa  10iwg  OTav  XpnoiJotrolouvTal  O€
MOVTEAOTTOINCEIG ) 0€ ApPIBUNTIKEG TTPOCONOIWTEIG .

KUpiog OTOXOGC TWV OUYKEKPINEVWVY OAYyOpiBUWYV gival va Bpouve €va PeiwPévNg
TadENG povTéNo (ROM) ( Eikéva3.1) TTou €xel TTapdpoIa CUPTTEPIPOPA £10000U- ££0D0U
ME TO OpPXIKO HMOVTEAO WOTE va Eival gUKoAOTEPa Olaxelpioluo AedouEvou OTI TO
MEIWUEVO MOVTEAO €ival TTOAU PIKPOTEPO ATTO TO APXIKO, N avAAucn TOU HEIWPEVOU
MoVTEAOU gival TTOAU €UKOAOTEPN ATTO TNV AVAAUGCH TOU ApXIKOU JOVTEAOU. Kavovika
TO MOVTEAO TTOU TTPOKUTITEI ATTO TNV TTPOCOMOIWON €VOG KUKAWHATOG gival TAENS
XINGAdwV w¢ Kal  eKOTOMPUPIwY evw éva ROM povtého eival  ouvhBwg Tagewg

HIKPOTEPO TOu £KaTd. ‘ETol Aoimrdv oi Mor ahyopiBuor atrokTouv peyadAn {Atnon otov
Topéa TNG TTpocopoiwong TnG VLSI texvoAoyiag .
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- outputs = . MIN:error
Qriginal Model @ .

=

inputs

L .| Reduced
Model

Eikéva 3.1 : EAayioToTroinon 1Gd§ng cuoTAPATOG

Eival ammrapaitnto wotéco va €¢ac@alioTei 611 TO VEO PHOVTEAO TTOU TTPOKUTITEI OTTO

Toug Mor aAyopiBuoug TrpéTel va sival akpIBEG Ki TAUTOXPOVA ATTOTEAEOUATIKO WOTE
VO PTTOPEI va evowpatwOei o€ yia Tpooouoiwon. Autd onuaivel 0T n atrékpion
OuXvOTNTOG TOU VEOU POVTEAOU TTPETTEI VO TTPOCEYYICEl OO0 YiveTal TTEPICOOTEPO TNV
avTtioToixn atrékpion Tou apXikou . AnAadr 1o o@AAPa TNG TTPOOEYYIONG va Eival
TTOAU HIKPO. ETriong Ba trpétrel To JovTéEAO va gival oTaBepd yia va dwoel agIdTTIoTa
QATTOTEAEOUATA TTPOCOPOIWONG O€ TTITTEDO OUOTAUATOS. ACTABONG JoVTEAa UTTOpPEi va
odnynoouv o€ avakpIBi A 0€ eVTEAWG aVEPIKTN TTPOCONOIWON 0To TTEdIO TOU XPOVOU.

3.2 H yevikn 16éa Twv Mor aAyopiduwv

OAeg o1 uttdpyouoeg péEBodoI peiwong TédENG HovTéEAwv  oTtnpifovtal oTn dladikaaoia
NG TTPOPROARG. Ti evvoouue Ouwg 6tav Aéue otnpiovtal otV diadikaoia TTPoROARG?
‘EoTw OTI pag divetal €va duvapike oUoTNUA, N PETAKIVNON TNG KABe kKatdoTaong
OTOV XWPO KATAOTACEWV ONUIOUPYEi €va  POVOTIATI TTOU  OVOUACeTal  TPOXIA
ouoTAuaToG. Kard Tnv TTpocouoiwon €vog KUKAWHATOG ,0UCIooTIKA Ba BéAaue va
yvwpi¢oupe TNV TPOXIA TNG KATAOTAONG Ot €va OeQOPEVO XPOoVIKO didoTnua. 'Exel
BpeBei 611 N TpoXIA dev €ival OPOIOUOPPA KATAVEUNPEVN OTO XWPO KATACTOONG Kal
MTTOPEI va BewpnBei WG PIa YEWMPETPIKA OOMN TTOU QVTITIPOOWTTEUEI TNV OUVAMIKI)
oupTtTEPIPOPAG Tou KUuKAwpaTog. O1  Projection-based MOR aAyopiBuor BaciovTal
otnv 10€éa OTI n TpoxI& utropei va TTPORAAAETaI O€ KATTOIOV UTTOXWPO KOl OTNnV
OUVEXEIQ VO aVOKTATAI TTIPOCEYYIOTIKA aTov apXiké xwpo ( Eikéva 3.2).
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The concept of model order reduction

1=
large system g small system

\\“*—'ﬂ__"_/ A
time integration

spatial discretization

X W

PDE large system | |small system approximated
of ODEs of ODEs solution
f MOR
1. choosing 2 projecting 3 fast
basis vectors on subspace solution

Eikdva 3.2 : H yevikr 18éa Tou Model Order Reduction

2T10X0G TOouG dnAadn cival va BpeBei Evag uTTOXwpog S, 0 oTToiog Ba TTpooeyyilel Tov
TTOAAQTTAACI0 apXIKO UTTOXWPO , TOV OTToi0 BpiokeTal To didvuoua kataoTaong X(t).
Me Tnv oeipd Tou TO didvuapa Xx(t) Ba TTpooeyyileTal até TN TTPOROAN TOU X(f) OTOV
uttoxwpo S, .Na Toviooupe OTI TO pEIWPEVO TAENG MOVTEAO Ba TTapaxBei atrd TN
TpoBoAfy Petrov-Galerkin xpnoigotroiwvTag éva degiypya utroxwpou S, ) amd 1
mpoBoAry Galerkin xpnolgotmoiwvtag 1oV S, WG OOKIYOOTIKO UTTOXwpPo. Av
uttoBéooupe 611 N opBokavovikn BAon V' = (u  u,, ...,u, ) TOU UTTOXWPOU S £XEl BPebei
TOTE N TIPOCEyyion Xx(f) oTov S, UTmopei va avatrapacTtabei amd tn Bdon wg x(7)
= Vz(f). ETopévwg 10 X(t) pTTOPEl VO TTpOooEeyyIoTeEl atmd x(f) = Vz(f) ,6TToU Z gival
éva dl1dvuopa pnkoug .TéEAog agou uttoAoyioTei To didvuoua z(t) utTopei va TTpoKUYEI
dia TpooeyyIioTIKA AUon  X(¢) = Vz(r) yia 10 X(t) akoAouBwvTag Ta dUo TTAPAKATW
Bruara.

BApa 1: MNivetal avrikatrdotaon Tou X 0To cUOTANA

E dx(t)/ d(f) = Ax(?) + B u(d)
¥ = Cx()

KalI TTPOKUTITEI TO €ENG

EdVz/dit)y = AV.+ Bu(t) +e
Y@ =CVz
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OToU e= A V.+Bu(t)—EdVz/dQ).

BApa 2: Avaykadovtag 10 e =00¢ €va owoTd eTMAEypévo UTTOXWpPO S, Tou R
odnyei otn Petrov-Galerkin TTpoBoAn :

whe=0
,01T0U 01 OTHAEG Tou W atroteAouv Tn Bdon Tou S, . TOTE EXOUNE :

WIEdVz/t =wTAvz + WIB u() ,
@) =CVz .

Me Tov KaBopioud E= wrEV A= whav, B= w'B, C= CV , Ba TTpoKUYEl TO
TEAIKO MEIWHEVO PHOVTEAO

EdVz/dt = Az(t) + B u(f)
W)= Cz(¥) .

Mapatnpouue OTI n TTpocéyyion x(¢) = V z(¥) Tou dlavioPaTog x(7) TTopei va AngOei
atmmd 10 z(¢) AUVOVTOG TO TTAPATTAVW TEAIKO HEIWPEVO ouoTnua. To cUoTnUa auto
gival TTOAU HIKPOTEPO QATTO TO APXIKO ME TNV €vvold OTI UTTAPXOUV TTOAU AIYOTEPES
e€lowoelg. Q¢ ek TOUTOU TO EAATTWPEVO oUOTNUA €ival TTOAU TTI0 EUKOAO va AuBei Kal
OVOPAZeTal EAATTWUEVO HOVTEAO.

3.3 Baoikég katnyopieg pe@6dwv MOR

O1 Bepehiwdeig péBodor otov Topéa Twv MOR aAyopiBuwyv dnuooielTnkav — aTro
QagIOAOYOUG ETTIOTAMOVEG OTNV  OEKAETIA TOU oyddvVTA KOl TOU EVEVIAVIA TOU
TTEPAOUEVOU alwva. ApYIKA ONUOCIEUTNKAV OTOV TOPED TWV OUCTNUATWY KI TNG
Bewpiag eAéyxou, o1 oTToiol PEAETAVE TIG 1810TNTEG TWV OUVAUIKWY CUCTANATWY VIO
TNV MEIWON TNG TTOAUTTAOKOTNTAG TOUG, dIaTNPWVTAG TTAPAAANAQ 600 TO duvaTov
TTEPIOOOTEPO TNV OXEON €10000U-£€O00U. 2ZNPeEpPa oI aAyopiBuol autoi €xouv
onuooleuTel  e€ioou KI OoTov Topéa TNnG aplOunTikAg avaAuong divovtag
TIPOOEYYIOTIKEG AAAG aKpIBEIG AUOEIG o€ OUOKOAA HaBNUATIKA TTPORARUATA.

Mo ouykekpiuéva oto Topéa Twv MOR aAyopiBuwyv €xouv oxnuatioTei dU0 BACIKES

Katnyopieg peBddwyv, o1 péBodol TTou PBacifovial otnv SVD kal o1 yéBodol TTou
Baoifovtal oToug Krylov subspaces [11].
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Basic Approximation Methods:

Overview
SVD Methods Krylov Methods
Nonlinear Systems Linear Systems
¥ POD Methods ¥ Balanced
, = :
v Empirical Truncation Arnoldi
¥ Hankel e
Grammians Approximation

2xnua 1: XuvoTrTikr TTapouciaon ne6ddwv MOR

AG &eKIVAOOUUE QPXIKA MPE TIC PAOCIKES DIOPOPES TWV AAYOPIBUWY TTOU AVIKOUV OTIG
OUO auTEG KaTnyopieg Kal £TTeITa Ba PIANOCOUPE UEPOVWHEVA Yyia TNV KaBepia o€
CEXWPIOTH UTTOEVOTNTA.

O1 péBodor SVD ceivar katdAAnAol Kupiwg yia MIKPAG KAIMOKOG OUuOoTAuUATA Kal
TTapEXOUV €va KABOPIoPEVO OpIo OPAAUATOG, BIATNPWVTAG TIG IBIOTNTEG TOU APXIKOU
OUCTAPATOG OTTWG TTAONTIKOTNTA Kal euoTAdBsla. QOoTO0O0 Oev €ival UTTOAOYIOTIKA
aTrod0TIKOi PE XPOVIKA Kal XwpPIKA TToAutthokdtnta O(#°) kai O(#?) avrtioToixa,
OTTouU n n OIGCTACN TOU OUCTAMATOG. 2TOV avTiTroda ol péBodor Krylov eival
KatadAAnAol yio  ouoTAPOTA PEYAANG KAIMOKAG Kal €ival UTTOAOYIOTIKA QVEKTOI ME
TTOAUTTAOKOTNTA O(7%n) 610U N 0 APIBUAC TWV KATAOTACEWY. OPWE BeV £XOUV
KATTOIO OUYKEKPIUEVO OPI0 OPAAPATOG Kal Oev ouvexiCouv va dlaTnPEOoUV TIG APXIKES
1I816TNTEG TOU CUCTHPATOG. TEAOG 01 uEBODOI TNG TTPWTNG KATNYOpPIiag uttooTnpifovTal
ato Tn Matlab o€ avtiBeon pe TIg HEBOGSOUG TNG dEUTEPNG.

3.3.1 Singular value decomposition pé@odol

O1 péBodol autng TnG Katnyopiag Pacifovralr otnv low rank TTpoocéyyion, n otroia
gival BEATIOTN pe Tnv évvoila TnG 2-norm. ‘Exouv cav KUpIo OTOXO TOUG va
TIPOOEYYIOOUV  TTIVOKEG MEYAANG KAIMOKAG XPNOIYOTIOIWVTAG  GAAOUG  TTIVOKEG
XOUNAOTEPNG KAl va TTAPEXOUV €va UTTOAOYIOINO OpI0 OQAAMATOG METAEU TOUu
MEIWPEVOU KAl TOU QPXIKOU
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OUCTAMATOG. =eKIVAveE PE TIG Lyapunov €§I0WOEIG, TIG OTTOIEG KAl AUVOUV yIia va
Bpouve TOUG YPAPMIOVOUG TTIVOKEG €AEYEINOTNTAG Kal TTapatnpnoiudtnTag (Eikéva
3.3).ZTnv ouvéxela TrapayovTomoiolv 1o {eUyog TNG AUONG QUTAG KAl KAVOUVE
ammooUvBeon TOU  YIVOMEVOU Twv  TTapayOviwy TIoU  TTPOKUTITOUV  aTrd  Tnv
TTaPAyoVTOTTOIiNOoN WOoTE va PpeBouv ol 18iaouoeg TINEG Hankel. ‘Etreita petatpétmouy
TO ouoTnua O€  MIa  100ppOTTAMEVN  UAOTTOINON  XPENOIMOTTOIWVTAG  évav
METAOXNUATIOYO OPOIOTNTAG CUMPWVA HE TIG TIMEG TTOU BPpEBnKav OTa TTponyouuEeva
Briparta. AQou 1I00pPOTIHCOUV TO CUCTNUA ETTIAEYOUV pId VEQ MPEIWPEVN TAEN yia TO
ouoTnua Kai EeKivave va diaypd@pouv TIG KATAOTACEIS TOU CUCTANATOC OI OTTOIEG €ival
TOUAAXIOTOV [N €AEYEIUEG 1 KN TTAPATNPEACIMEG WOTE VA TTAPAYOUV TO VEO HOVTEAO
MelwpEvNg TaENG. O1 diabéaipol ahyopiBuol yi 'auTtég TIg EBOdOUG, WOTOoO, BV gival
KATtaAANAol yia peyAANg KAIMakag TTPORANUATA a@oU £XOUV avOaTTTUXBE Kupiwg yia
TTUKVOUG  UTTOAOYIOPOUG  TTIVAKWY. TEAOG TTAPOUCIAlOUPE  KATTOIEG ONUAVTIKEG
MEBODOUG TNG KATNYoPiag aQuTAG WE TNV XPOVOAOYIKA O€Ipd TTou dNPOoCIEUTAKAY .

To 1981 odnuooieutnke n TPpwTn MEB0dOG Tng SVD karnyopiag, n Truncated
Balanced Realization (TBR) amé tov nAektpoviké pnxaviké B.C.Moore evw Tpia
Xpovia apydétepa 10 1984 akoAouBnoe n péBodog Hankel-norm reduction n otroia
onuooieutnke amd Tov  Keith Glover. Ki o1 dUo autég e@apudlovtal 0€ YPAPPIKA
duvapika ocuoTruara. To 1987 o pynxavikog Sirovich TTpdTelve pe TNV o€Ipd Tou AAAN
uia uéBodo tnv Proper Orthogonal Decomposition (POD) n omoia avrikel ki autq
oTtnv idla Kkatnyopia, e TNV dla@opd OTI auTry £QAPPOCETAl O€ PN YPOUUIKG SUVANIKA
ouoTAuata. QoTO0O0 Kal oI TPEIG auTég PEBOBOI  avatrTuxbnkav OToV TOUEQ TWV
OUCTNUATWY KI TNG Bewpiag eAEyxou.

ApxIKG ZUaTnpa hucrr] Twv Lyapunov "l'iTI'GhD‘n,l'ID'pG‘g
EEITWOEWY singular Tipuv

U

MeTaoynuansuos o
ITOPPOTINHEVD
glgTnua

MepikoT ToU

Meiwpivo ZooTnua <::| I00pPOTINPEVOU <::| Emhqm A
QUOTNPOTog TUTTNPaTog

Eikéva 3.3 : Ta Baoikd BAparta TG PEiwong Twv d1aoTAoEwV Xpnoigotroiwvtag SVD
MEBOOOUG.
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3.3.2 Krylov subspace péfodol

O1 péBodol TnG Katnyopiag autrig eival pia atrd TIG TNO ETITUXNUEVEG KATNYOPIES
MEBODdWYV OTOoV TOMEQ TNG apiBunTIKAG avdAuong. XpnolgotroioUvtal atmmd TTOAAEG
OUYXPOVEG ETTAVAANTITIKEG MEBODOUG yia TNV eANGTwoN TAENG PEYAAWY CUOTAPATWY
TO OTTOIO KaI DIOTTPAYHOTEUOUOOTE OTNV TTAPOoUCa £pyacia, KaBuwg Kal yia TRV eUpeEon
TWV IOIOTIJWY MEYAAWV apaIwV TTIVAKWY A yia TNV €TTIAUCN PEYAAWV YPAPUIKWV
OUCTNUATWY ,WOTE VA ATTOPEUYOVTAl O dATTAVNPEG TTPALEIG. 2TNV EAAATWON TAENG
MEYAAWV cuoTNPATWY Cekivave pe Tnv €mmAoyn KAaTGAANAwv Krylov utroxwpwyv 1O
OTT0i0 aTToTEAEI KaI TO BaACIKOTEPO Bra auThg TNG dladikaaoiag Kal ouvexiCouv OTTwWG
ocixvoupe otnv Eikéva3.4. TapdAo TTOU N OUYKEKPIPMEVN KaTnyopia HeEBGdWV
atrodidel HEYOAUTEPN ATTOTEAECHATIKOTNTA O€ PEYAANG KAiPakag TTpoBARuaTta, n
dlaTApNoN TNG OTABEPOTNTAG OTO POVTEAO MEIWMEVNG TAENG Oev gival eyyunuévn.
Katd ouvérreia, n xpAon Toug WPTTopEi va gival TTpoBANUATIKA KaTd TTEPIOOOUG.
MapakdTw TTAPOUCIACOUNE KATTOIEG ONPAVTIKEG NEBODOUG TNG KATNYOPIag AQUTAG ME
TNV XPOVOAOYIKI O€IpA TTOU ONPOCIEUTNKAY .

To 1990 OnuooielTnke n TTPWTN MEBOdOG ,TToU OXeTiCeTal pe  Toug  Krylov
uttoxwpoug, n Asymptotic Waveform Evaluation (AWE), n omoia xpnoipotroiei
explicit moment matching. Tpia xpovia apyotepa, 1o 1993 o1 emoTAuoveg Freund Kai
o Feldmann mpéteivav  TTpocéyyion Padé Méow TnNG MeBOdou Lanczos
QATTOOEIKVUOVTAG TNV OXECN TNG ME Toug Xwpougs Krylov .To 1995 n pébodog PRIMA
eM@avioTnke oTnv dnuooioTnTa. H p€Bodog auth otnpiletal oTig 1I0€€G Tou Arnoldi avri
ekeivwv Tou Lanczos. O@eiloupe woTOOO0 va ETTICNPAVOUME OTI Ta TEAEUTaIO Xpovia
€XouvV yivel TTOAEG akoua €peuveg oTo Touéa Twv MOR aAyopiBuwy pe cuvéTTeia va
UTTApXEl TTOIKIANIO  dl0B€0Ipwy  ueEBOdWY. MepikéG  €ival  TTPOCAPPOCUEVEG  OF
OUYKEKPIPEVEG EQAPUOYEG VW AAAEG XPNOILOTTOIOUVTAI O€ YEVIKA TTAQICIQ.

Emhioyr Emhoyr) apiBpnmkol
ApPYIKO ZUOTNHA |:> xarahAnhwv Krylov |:> akyopiBpou yia Ty
] TTAPOYN THVEKLY
UTTOY LI pLN |
nipofohig

J

Meiwpévo Z0oTnua <:: 2 Rl <:| U fl s DL
OTO apyIko oUaTRpG Tivakwy Tpofohng

Eikéva 3.4: Ta Baoikd BApaTa TG PEiwong Twv dIGOTACEWY XPNOIUOTTOIWVTAG
Krylov subspaces pebddoug.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEPAAAIO 4

Truncated Balanced Realization(TBR)

I I uébodoc TBR omwe avagépape kar 1o TTPONyoUHEVO KEQAAQIO QVIKE

otou¢ MOR aAyopiBuoucg Kai Mo CUYKEKpIPéva otV TIpwTn Karnyopia, 1ic SVD
MEBODOUG . H péBodog autr) atroTeAEl TO KUPIO KOPPATI TNG TTAPOUCOG  EPYOOiag
KABWG KAAOUUAOTE VO UEAETAOOUME TA XAPOKTNPIOTIKA TNG KAl VA TNV UAOTTOIOOUUE
XPNOIUOTTOIVTAG  KATTOIEG AAAEG €TTIONG OTTOUDAIEG TEXVIKEG . 2TO KEQAAQIO AUTO
AoITTOV Ba dWOOUNE TTPWTA TOV OPICHO TNG PEBOdou TBR Kal 0TV OuvéxXEla Ta
BAuata TnG uAotroinong TnG. Oa emMKEVIPWOOUUE TTEPIOCOTEPO OTA APXIKA TNG
Brparta ,61Tmou Ba UAOTTOINCOUNE OUO EEXWPIOTEG TEXVIKEG TNG Bewpiag eAEyXoU yia
TNV TTPAYHATWON TOUG.

4.1 Opiopo6g peB6dou TBR

H TBR cival pia KoIvwg XpnOIKJOTIOIOUPEVN TTPOCEYYION ,TTOU TTAPAYEl EAATTWUEVA
MOVTEAD UWNARG TToI0TNTOG divovTag TEPICOOTEPN £U@ach OTnV ETTIAOYR TwWV
TTPoRaASPeEVWY uTToXWPwWVY. H nEB0dOG auTtry HEAETABNKE yia TTPwWTN @opd 10 1976
amd Toug Mullis kai Roberts yia ocuotiuata diakpitou xpdvou evw 10 1981
onuoaoielTnke emmionua ammd Tov B.C.Moore yia cuoTripaTa ouvexoug xpoévou. H kupia
10€a TNG MEBOSoU [12],[13],[14],[17] €ival n elpean evOG NETAOXNMATIOUOU OPOIOTNTAG
T, o otoiog Ba peTaoxnuUaTiCel TOUG TTIVOKEG TOU APXIKOU CUCTAPATOG, A@VOVTOG
QUETABANTN Tnv OuvauIKA TOu Kal ammaiTwviag T1a  Grammians dlavuouarta
EAEYCINOTNTOG KAl TTAPATNPENOCIUNOTNTAG VA Eival i0a Kal dlaywvia. 2T0X0G Tou dnAadn
gival va ayvonoel ] va aQaipéael TIG KAOTAOTACEIG, TTOU €ival €iTe PN EAEYEIUEG ,EiTE UN
TTAPATNPEACIUEG, €ITE KaI TO BUO WAOTE va ETTITAXUVOBOUV 01 UTTOAOYICUOI TNG atToKpIong
Kal va pnv empBapuveTte UTToAoyIoTIKG TO oUCTNUA.

To véo poOvTENO OUOTAUATOG TTOU TTApPAyel O aAyopiOuog autdg Ba cival pev
MIKPOTEPNG dIAOTACNG ATTO TO APXIKO OAAG ouyxXpovwg Ba dlatnpei TIG apXIKEG TOU
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1I016TNTEG OTTWG TNV TTABNTIKOTATA, TV €UOTABEIO Kal Ba TTapéxel utToAoyiolya opia
o@aApaTog. ETmiong n véa ouvdptnon METAQOPAG 0t OxEOon ME TNV OuvAPTNON
METAQOPAG TOU APXIKOU OUOTAHATOg Ba eival dvw @paypévn atmod pia apiBunTika
utToAoyioIun TToooTnNTa. M0 CUYKEKPIPMEVA , TO OPAAPA TNG OUVAPTNONG YETAPOPAG
Kal Twv dU0 ouoTNUATWY Ba gival PIKpoTEPO aTTd TO dITTAGCIO TOU ABPOICUATOG TWV
OTTOKOPMEVWYV Hankel TiHwv o, ..... o, MET<n .AnAadn:

| Hs) —H(s), |y, < 2 Yo,

r+1

Me tnv diadikacia AoItov egilcoppoTTnong  TTou xpnoiuotroiei N TBR péBodog
Tapdyel €va véo MOVTEAO TTou Ba TTepIEXEl JOVO Ta 1I0XUPA UTTOCUCTAMOTA TOU
QpXIKOU, TIC KOTAOTACEIC OnAadry ToU eival  TAUTOXPOVWG  EAEYEINEC  Kal
TTOPATNPEACIMNEG WOTE va e€looppoTTnBei n ouvelo@opd Toug. O CUVTEAEOTAG TNG
€€l00pPOTINONG TTPOKUTITEI ATTO TNV TETPAYWVIKN EiCa TWV IDIOTINWY TOU YIVOUEVOU
TWV OIAVUOPATWY EAEYEINOTNTAG KAI TTAPATNPNCINOTNTAG .

4.2 YMAotroinon pedédou TBR

Otmrwg emonudvage o1o TTponyoupevo Ke@daAaio ol péBodol TG SVD kartnyopiag
gival KatdAANAEG yia JIKPAG KAiJaKag cuoTAPOTA o€ avTiBeon Pe TIG ueBGdoug Krylov.
AOGyw TNG UWNANRG XPOVIKNG TTOAUTTAOKOTNTAG TWV UTTOAOYIOWWY TOUG, N avaywyn
Twv ouoTnudtwy Ba ATav apkeTd SUOKOAO va UAOTTOINBEI ,yI' AuTO Kal EQapPOlovTal
o€ 000 TO dUVATOV HIKPOTEPNG KAipakag ouaTruata . ‘ETol AoITTOV 1 OUYKEKPIPEVN
MEBODOG YIa va PTTOPECEI VA EQAPUOOTEI £¢iICOU ATTOOOTIKA KI O€ CUCTANATA JEYAANG
KAipakag TTpéTrel va ouvduaoTei e pueBOdoUG TNG BeUTEPNS KATNYOPIOG.

2’ auTh TN JITTAWPATIKN epyacia Ba eCeTAOOUPE TIG AAYERPIKEG ECICWOEIG TTIVAKWY
TTOU OXETICOVTQlI ME TO YPOAUMIKO XPOVIKO aPeTABANTO duvauikd cUoTnua X TNnG
HOPPAG:

Ex ()= Ax()+ Bu()
y(t) = Cx(t) + D u(r)

omou EA € R™ Be€ R™,Ce RrR™, De R kal gival TIPAYMOTIKOI TTIVOKEG.

Y1roBéToupe emmmAéov OTI p € n Kal m K n yia va KaraoTei duvaTh n XaunAng t1aé¢ng
TIPOCEYYION TWV AUCEWV.

O@¢&loupe Aoittév  pe Tnv Xprnon Twv Mor aAyopiBuwyv Kal o CUYKEKPIYEVA PE TNV
xprion Tou TBR aAyopiBuou va petaoxnuatioouye 1o apxikd oUoTnua T o€ éva VEO
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ouoTnua > MIKPOTEPNG TAENG diatnpwvTag TTapdAAnAa TIG 1I810TNTEC TOU. OEAOUpE
Va TTaPAyoulE £va VEO HOVTEAO CUOTANOTOG TNG HOPYNG :

Ex () =A%) + B u()
Y (1) =CX (1) +D u(r)

6mou E,A €ER™ ,BER™,Ce€R™,DeER™ per<n

TETOIO WOTE

misfit=(Z , < )=sup L=l ﬁ;y'rll
va gival PIKPO, dnAadry n ammokpion TOU CUCTAPATOG T va MNV OTTOKAIVEI YPOQPIKA
atmdé TNV ATTOKPION TOU OUOTAMATOG X. Av €miTeuxBei auTd, TOTE £XOUNE HIa TTAPA
TOAU KaAfl TTpocéyyion TnG Auong. MapakdTtw divovial cuvoTTiK& Ta Brjuata Tou
aAyopiBuou TBR o€ pop®r) YeudokwdiKa.

AAy6pi8pog 1: Truncated Balanced Realization (TBR)

1. Perform AAy6piBuog 2 or A\yopiBuog 3

2. Compute SVDof product U £ v " = z." 2z,
where S is diagonal positive and UV have orthonormal columns

3. Compute the balancing transformations
T =2, VS 71/2’ 7oy —1/2UTZC/T\ ~ ~

4. Form the balanced realization as A= Tt 4T, B=T"'"B,C=C
T,D=D

5. Select reduced model order and partition K § E,Bconformally

A~

6. Truncate X § C, lA) to form the reduced realization A , E, E,B

MiAdue yia pia péBodO eAATTWONG TNG KAIMOKOG €vOG OUCTAPATOG, N OTToia
atroteAeital atmod 2 Bacikd oT1adia. 210 TTPwWTO oTAdIO Ba TTPOCTTABACOoUNE Va BPoUiE
éva PETAOXNUATIONO OpOoIOTNTAG T WOTE VA YEIWOOUKE TNV UTTEPRBOAIKA PEYAAN TAEN
MEYEBOUG TOU apXIKOU OUCTAMATOG EVW OTO OEUTEPO OTABIO Ba OUVEXIOOUUE PE TNV
uAotroinon Tng peBodou Truncated Balanced Realization (TBR) mdvw o1o Adn
eEAAXIOTOTTOINUEVO HOVTEAO VIO VA BEATIOTOTTOINOOUME TV TAEN TOU.

2T0 TIPWTO OTAdIO VYIO TNV €UPECN TOU WETOOXNMATIOMOU T apxikd AUvoupue
TIPOOEYYIOTIKA Kal Kavoupue Low Rank trapayovrotroinon evog euyoug Lyapunov
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e€lowoewv  uAotroiwvTag  duo TTapouoleg peBddoug, Tnv péBodo Low-rank
Cholesky factor ADI iteration (LRCF-ADI) kai éreira tnv pé6odo Extended Krylov
Subspace Method (EKSM), Ti¢ oT0ie¢ KOl avOAUOUWE EKTEVEOTEPA OTA ETTOUEVA
KEQaAaia. ZTnv ouvéxela KAvouue ammoouvBeon Twv 181AJoucwV TIHWYV TOU YIVOUEVOU
TWV TTAPayOvVTWV TToU TTPOKUTITOUV atrd TNV Low-rank TrapayovToTroinon woTe va
BpeBouv o1 181dlouoeg TIPEG Hankel Baon Twv otToiwv Ba yivel apydTEPA N TTEPIKOTTH
TWV KATAOTACEWYV TTOU €ival TOUAGXIOTOV Un €AEYEIMES 1) U TTApATNPNOCIYES .AUTH N
dladikaoia atroouvBeong gival yvwaoTh wg TARPNS SVD kal yiveTal wg ENG

T _ T

o1Tou o Trivakag U , Z kal V' IKavoTrolouv TIG TTAPAKATW OUVOAKEG :

[
c
c
~
In
~

UT*U_
vy =y *yT=1p.

O U eival évag TpaydaTikog f piyadikog opBopovadiaiog Trivakag , X gival évag
opBoywviog dlaywvIog TTvaKAg WE PN apvnTIKOUG TTPAYMATIKOUG apiBuoug oTnv
dlaywvio Kal V gival évag  TTPAYPOTIKOG i MIyadikog opBopovadiaiog trivakag. Ol
1BIGCoUTEG TIUEG o;;= \L(PQ) eival Ta Siaywvia OTOIKEd TOu Tivaka X Kal
utrToAoyifovTal WG TETPAYWVIKEG PICEG TwV IBIOTINWY TOU YIVOUEVOU Twv low-rank
YPOUMIaVWYV SIAVUCPATWY TwV OTToiwv To TTARBOC €ival ioo pe Tnv TaEN Tou idiou Tou
mivaka. Mia Koiviy TTPaKTIKA €ival va Taglvououue TIG 101aJouoeg TINEG OE @Bivouoa
o€lpd.

Me Baon TG TIUEG TTOU BpEBNKav oTa TTponyoupeva Bripata Kar agou (4, B) eival
eAéyEiuo  kal  (C,A) gival  TTApPATNPACIYO, HETATPETTOUME TO OUCTNPO O€  Jdia
ICOPPOTTNMEVN UAOTTOINON XPNOIMOTTOIWVTAG TOV UETAOXNUOTIONO opoiotntag 7' €
R™ Kkal Tov avTioTpo@o TouT ' € R™ GUu@wVa PE Ta TTAPAKATW.

T =27,vs 17

T*l -y 71/2UTZCT

‘ETol éva auBaipeto ouoTnua (4, B, C) UTTOPEI va PETATPATTEI O€ €va I00PPOTTNHEVO

AN AN AN

ouoTtnua (4,B,C) PMEOW TOU MPETOOXNMATIOMOU Xwpou kardotaong T :

A=T' 4T
B=T"'8
C=CT.

Emiong T1a Grammians O&iaviopata  €AeygINOTNTAGC KAl TTAPATNENOCINOTNTAG
MeTaoxnuatifovtal wg £€AG
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p=r'pTT
o=1" 0T,

Ta otoia Ba cival ouyxpovwg ica kal diaywvia. Mévo o1 eCWTEPIKEG PETARBANTES
OANGCOUV €V TO MPOVTEAO XWPOU KOTAOTACEWV KAl rn OuvaApTnon HETAPOPAg
TTaPaUEVOUV QUETARANTA .

270 OeUTEPO OTADIO A@OU AOITTOV KATAPEPOUME VA ICOPPOTIIOOUUE TO OUOTNPA
(4,B,C), emépevo PEANUA pag cival va To TTEPIKOWOUHE KATAAAAAWG woTe va
€ENAXIOTOTTOINCOUNPE TNV TAEN TOU VEOU POVTEAOU. Oa TTPETTEI APXIKA VO OPICOUNE éva
Op10 OPAAPATOG TTOU E€iTE TO divel 0 XPriOTNG SUVANIKA ATTO TO TTANKTPOAOYIO EiTE €ival
OnAwpévo oTaTIKA KAl VO TO OUYKPIVOUUE PE TO dBpoioua Twv 181aloucwy TIHWV
Hankel. Na Toviooupe 011 gekivaue va aBpoifoupe attd TNV JIKPOTEPN IDIGPOPPN TIUA
TToU BpiokeTal KATW OeCIA OTOV TTivaKA X KAl OUVEXICOUNE PE auouoa OeIpd PEXPI
10 OITTAGCIO TOU ABPOICUATOG va LETTEPATEl TO OPIO OPAAUATOS TTOU pag doBnke. Me
TO TEPPATIONO aUTAG TNG dladikaoiag Ba £xouv Bpebei o1 1I81GOUTEG TIMEG TTOU TTPETTEI
VO KPATHOOUNE OTO oUCTNMA, TWV OTTOIWV O apIBPOG Ba aTToTEAEDEI KI TNV VEQ TAEN
TOUu MOVTEAOU. Me autd TO TPOTTO  APXIiCOUME TNV TTEPIKOTT TWV ECWTEPIKWV
UTTOOUCTNUATWY TTOU €XOUV dIa aoBevh emmidpaon oTtn oxéon €10600u-£€6d0OU TOu
OUCTHUATOG.

Alapepifoupe AOITTOV TO CUCTANA Z WS AKOAOUBWG :

g1 ... 0

3 0] -
=% 3]

0 .. o,

OTTouU X, TrepIEXEl TIG PEYAAEG 101Gdouoeg TINEG Hankel kal repiypagel 1a “loxupd”
UTTOOUCTAMATA TTOU TTPETTEI VA dIATNPOUVTAI EVW X, TIEPIEXEI TIG MIKPEG 101ACOUOEG
TIuEG Hankel kai Trepiypdel 1a “adUvapa” UTTOOUCTHAUATA TTOU TTPOKEITAl VO
dlaypa@ouv.

‘EoTw 6T €XOUPE TO TTAPAKATW ICOPPOTINUEVO CUCTNUA (2,@,6) MEOW TOU
METAOXNMATIONOU Xwpou Katdotaong T

1 Al 1 Al 2
A — ) )
Asq Ago
~  [Bia
B= '
i
C=[C1 OCs1]
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http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%3D%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%5Csigma_%7B1%7D%26...%20%26%200%20%26%20%5C%5C%20...%20%26%20...%20%26%20...%5C%5C0%20%26%20...%20%26%5Csigma_%7Bn%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%3D%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%5Csigma_%7B1%7D%26...%20%26%200%20%26%20%5C%5C%20...%20%26%20...%20%26%20...%5C%5C0%20%26%20...%20%26%5Csigma_%7Bn%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Chat%7BB%7D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20B_%7B1%2C1%7D%20%20%5C%5C%20B_%7B2%2C1%7D%20%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Chat%7BC%7D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20C_%7B1%2C1%7D%20%20%26C_%7B2%2C1%7D%20%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5Chat%7BA%7D%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20A_%7B1%2C1%7D%20%26%20A_%7B1%2C2%7D%20%5C%5C%20A_%7B2%2C1%7D%20%26%20A_%7B2%2C2%7D%20%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5CSigma%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%5CSigma_%7B1%7D%20%260%20%20%5C%5C%200%20%26%20%5CSigma_%7B2%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D
http://api.gmath.guru/cgi-bin/gmath?%5Cdpi%7B480%7D%20%5CSigma%3D%20%5Cleft%5B%20%5Cbegin%7Bmatrix%7D%20%5CSigma_%7B1%7D%20%260%20%20%5C%5C%200%20%26%20%5CSigma_%7B2%7D%20%5Cend%7Bmatrix%7D%20%5Cright%5D

Kal 6Tl 0 apiBuédg Twv 181IAfoucwyV TIMWY, TTOU €ival TTAVW aTTd TO OPI0 OPAAPATOG
gival e¢ioou yvwoTog. To 100pPOTTNUEVO AOITTOV HOVTEAO PEIVETAI O€ éva PIKPOTEPO
MOVTEAO TAENG r, dIATNPWVTAG POVO TIG I TTPWTEG EYYPOPES ATTO TIG OUVOAIKEG TOU
dlavuopartog karaotaong. MNMapdAAnAa, ol TTivakeg K, ﬁ, C avTikaBioTavial aTmd
TOUG €TTAVW aploTepd utrotrivakeg A11, B1,C1 pe pey€On rxr, rxm kai pxr avTioToixa.
Me GAAa AOyia, TO pelwpévo povTéAo AauBdveTal dlaypd@ovTag TIG TEAEUTAIEC N-r
YPOUMEG aTTd TOUG TTivakeG A, B Kal TIG TeAeuTaieg n-r oTAEG atrd Toug Trivakeg A,C.
‘ETO1 TO VEO PJOVTEAO TTOU TTPOKUTTITEI TEAIKG TTEPIYPAQETal aTTd TO akdAoubo cuoTnua

o] |

X () =A; X(t)+ B ut)
F(t) =C, X(t) +Du(t)

6mou E,A € R™ ,BE€R™,C € R™,D € "™ e r<<n.

4.3 NMpooéyyion Abong Lyapunov pe Low Rank pgdédoug

To kA&1di yia Tnv emiTuxia €mmiAuong PEYAANg KAipakag Lyapunov €6l0woewy gival n
ATTOQUYA OXNMATIOWOU TNG TTAPNG AUONG TOU TTivaKa, TToU gival ouvriBwg didaTaong
nxn . Na Toug ouppeTpikoug Trivakeg diaotaons n>1000 artroTeAei pia QUOKOAN
dladikaoia n atrobrkeuon evog TETOIOU TTiVAKA KAl XEIPOTEPA O UTTOAOYIOUOS OAWV
TwWV n(n+1)/2 €106dwv TTou XpeidlovTtal TouAaxioTov O(#n? ) TTPAEEIS, akOun Kal Qv Ol
OUVTEAEOTEG TWV TTIVAKWYV gival apaioi [16].

O1 mo mpbdoaTeg TTpooeyyioelg atnpifovtal oTn XaunAn Tad¢ng avarmrapdoTacn Tng
Abong X, otV popen
X~z 7",

yla éva Tmlavo ouveeto TTapdyovia Z, ME k<<n OTAAEG, TNV oOTTOiO Kal
XPNOIMOTTOIOUE OTIG HEBODOUG POG O€ ETTOPEVES EVOTNTEG .

Y10 OpICPEVEG TTPOUTTOBECEIG O1 IBIOTIUEG TTOU TTPOKUTITOUV OTTd ThV €TTIAUCH TWV
lyapunov e€iowoewyv @Bivouv ypriyopa. Autdé odnyei atn TTpooéyyion TS AUong wg
€gNG:

k
j=1

oTTOU X = Nz, e SIATETOYMEVEG IBIOTINEG A, > L= > 0 Kal
Z=[VMz1ss M2 ]O  low-rank TOpayoviag, © OT0IOG  KATAOKEUAETal
XPNOIUOTTOIWVTAG TA KUpiapxa 1d10d1avuouaTa Tou X.
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Edv 10 Kk €ival pikpd o€ oUyKpion PE TO N ,TOTE £XOUME MIa TTOAU KaAf low rank
mpocéyyion Xi = zz" Tmou IkavoToiei To TTPOYPAVEG OPI0 COAAUATOG

X = Xyl < My

€av n @Bivwaon eival apkeTa ypriyopn WoTeE A, < T, YIO QTTOOEKTH avVOX) CQAAPATOG
T.

ApxXIKO BAPA TNG TTPOCEYYIONGS Eival va BEwPACOUUE YIa EUKOAIO TNG TTapaywyng TNV
Lyapunov egiowon

AX + XAT+BBT =0

ME A QOUUTITWTIKA EUOTABEéG , B € R™ kal Auon X TnNG TTApakATw HOPPNS
X=[e"BBTeM ¢ ar .
0
Eg@apuolovrag Eva katdAAnAo TUTTou opBoywvioPoU ,TTPOKUTITEI N TTIPOCEYYION

k
X=y ®, e B BT '
=

ME TETPAYWVIKA ONEia ¢ kal BApn w; ,06TTOU POVO TETPAYWVIKOI TUTTOI PE BETIKG Bapn
Ba TpéTTel va emMAEXBoUV WOTE va EMTEUXBEI pia TTpayuatik XaunAng TaéNng
TPooéyyion XaunAou Babuou 77" AuTi n TTpooéyyion gival TAENG km TO TTOAU.

H Ttpooéyyion wotdéco auth) Oev eival &ekdBapa pia KA TTPOCEYYIoN OAAG
atrodeikvueTal 6T av KAtrolog emAéEel k= 2K+1 sinc onueia opBoywviopou pe
KataAAnAa Bapn, AapuBAavouue Pia IKAvOTTOINTIKA TTPOCEYYION

X - X(2K+1)m l, <exp(-m \/?)

ME TN TeETpaywvVIKn pifa Tou K va avtikaBiotaTal ye K yia évav CUPUETPIKO TTivaka A.
AUTO TTOU TTPETTEI VO OnUEIwOei €dwW gival 0TI OUPPWVA HPE KATTOIEG TTAPADOXES
,MTTOPOUME VA QAVAMEVOUUE MIa KOAR TTpooéyyion XaunAou Babuou av m K n.ZT0
Ouo etmopeva ke@AAaia Treplypd@oupe avaAuTikd TiIc Low Rank pegbddoug Trou
XPNOIMOTIOINCAUE YIQ VA ETTIAUCOUUE TO (EUYOG TwV Lyapunov e€lowoswy.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEQAAAIO 5

Low Rank Cholesky Factorized
Alternating Directions Implicit
(LRCF-ADI)

I I Baoikr 10éa oTtnv oTtroia Pacifovral OAeg ol péBodol yia apiBunTikn

eTmegepyacia Twv €EI0WOEWV TTIVAKWY PEYAANG KAIPaKag gival 0TI ouxva n Té&én TnG
AUong €ival TTOAU PIKpr) 0€ oUYKPION PE TNV TTPAYMATIKA TNG d1A0TAON KAl ETTOPEVWG
EMTPETTEI WIO KAAR TTPOCEYYION MECW TTapayoOvTwy AUong XaunAou eTTITTEdOU. 2TO
TTOPOV KEPAAAIO ETTIKEVTPWVOUAOTE OTNV low-rank AUON QUTWV TwV €EI0WOEWV
mMVAaKwy Paociféuevol oe PeBddouc TTou OXeTICovTal HE TIG EUUECEG EVOAAAKTIKES
oleubuvoelg (ADI). =Zekivaue pe TNV €lcaywyn NG Baoikig emavaAnwng ADI kai
ETTEITA TNV EQAPMPOYA TNG OTIG £€lI0WOoEI§ Lyapunov.

5.1 ADI etravaAnyn

H Alternating-Direction-Implicit (ADI) €ival pia eTTavaAnTrTikr) u€B0dOG TTETTEPACTHEVNG
dIaQopPdg TTOU XPNOIYOTIOIEITAI yIa TNV €TTAuon TTAPABOAIKWY, UTTEPBOAIKWY Kal
EMNEITITIKWV PEPIKWYV BIAPOPIKWY €EI0WOEWV O TTOAATTIAEG DIOOTACEIG KAl EXEI
XPNOIMOTIOINGEI €UPEWG OE ETTIOTNUOVIKA KOl PNXAVIKA TTedia. ZuoTABNKE TTpwTn
@opd 10 1955 Kkai TPOTAONKE yia Tnv emiAuon peydAwv Sylvester kai lyapunov
e€lowoewv ato Toug agidhoyoug emmoTruoves Ellner kar Wachspress .A1ro 161€ Kal
ME DIAQPOPES ATTOTEAEOUATIKEG UTTOAOYIOTIKEG BEATIWOEIG N TTPOCEYYION QUTA UTTHPEE
Mia a1rd TIG KUPIOTEPEG PEBODOUG yIa TNV ETTIAUCH TETOIWV ECICWOEWY HEYAANG
KAiyakag. 21n MEBOdO auth, KABe apBunTikd BApa  xwpietar o€ didgopa
OeuTepevovTa utro-BruaTta TTou Baacifovtal otV XwpPIKN d1docTacn Tou TTPORARUATOS
Kal TO oUOTNNO YPAMMIKAG €€iowong  €mMAUETaI TTPOG TNV MIa KATEUBUvVOn v
emmegepyddetal pnTd TTANPOYOPIES KI TTPOG TNV GAAN KaTeUBUvVON.
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‘Eotw 4 € R™ ¢gival €évag TTpayuaTikOG,CUMHETPIKOG Kal BeTIKG opiopévog (SPD)
Tivakag kal b € R"eival yvwoTtd didvuopa. MTTopoUue va €QAPPOCOUNE TNV
emavaAnywn ADI yia va AUooupe Thv TTOPAKATW £¢icwaon

Ax=b

OTTouU A WTTOpEl va eKQPOOTEI WG TO ApBpoioua Twv TVAKwY H kalr V yia Toug
OTTOIOUG TA YPANMIKG CUCTAMATO

(H+phv=r,
(V+phw=t

EXouv Mo atroteAeopaTikly AUon. Edw 1O p €ival pia KatdAAnAa €mmAeypévn
TTAPAPETPOG Kal 1.t gival yvwoTd.

Av o1 H\V egivai SPD T10TE UTTGPXOUV OETIKEC TTAPAUETPOI P,j YIO TIGC OTIOIEC N
emavaAnywn dIMARG odpwong kabopiletal wg €EAG

H+p, Dx;yp =(p; 1 =V)x,y +D,
(V+ p; l)xj = (Pj | - H)xj—1/2 +b

yiaj=1,2,...converges.

Av o1 TTapdueTpol PETATOTNIONG Pp,j €MAEyovTal KATAAANAQ ,TOTE TO TTOO0OTO
oUykAiong eival superlinear, aAAd Ta TTO0OOTA GUYKAIONG MTTOPOUV va dIac@aAioTouv
MOovo Otav ol mivakeg H kal V aAAGfouv. ZTnv TTEPITITWON TTou dev aAAGlouv n
emmavaAnyn ADI dev €ival avtaywvioTIK) PE GAAEG PEBODOUG. 2TnVv ETTOMEVN
uttoevoTnTa Ba &eiCoupne TTwG PTTOPED va yivel n emiAuon Twyv lyapunov e§lowoewv
xpnoigotrolwvrtag tnv Baocikr low-rank ADI etravaAnyn.

5.2 YAotroinon pe0édou LRCF-ADI

Aedopévou OTI AuTA TA CUCTAPATA TTOU €XOUME VA avOAUCOUWE gival OUOKOAO va
TTPooouOIWBOoUV, va UTTOAOYIOTOUV Kal va atmobnkeutouv, TIpooTTaBouue va
MEIWOOUNE auTd TO HEYAGAO ouoTnua xpnoigotroiwvtag emavaAnyn LRCF-ADI  oe
ouvduaoud e Tnv Balanced Truncation [15],[16],[17],[18],[19],[21]. H péBodog
LRCF-ADI Auvel TIg DITTAEG €Clowaoelg Lyapunov Tou ueyGAOU ouoTAPATOG Kal BivEl WG
AO0on, xaunAig Tagnc Tmapdyovreg Cholesky, Ttwv Grammians &iavuoudTwy.
XpnolyotroiwvTtag autoug toug Cholesky  trapdyovrteg, uttoAoyiCouue TIG¢ Hankel
singular values péow NG dladikaciag SVD. Ztnv ouvéxela epappolouue balanced
truncation yia va TrTapdyoupe T0 JEIWPEVO OUCTNUA TO OTTOIO ETTIOUPOUE.
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Mpiv &ekiviioOupe TNV TTEQIYPAQR TNG MEBOGDOU aAUTAG va emmonudvouue OTI TO
ouoTnua €ivar éva POVvTEAO YeVIKEUPEVNG egiowong Lyapunov 1Tou BonBd oTov
TIPOCBIOPICKO TNG ACUPTITWTIKAG OTABEPOTNTAG TOU.

H yevikeupévn e€iowon Lyapunov gival n €€N1g

AX+x4' = —GGT .

2TNV TIPOKEIYEVN TTEPITTTWON Ba €EETACOUME TIG AUCEIG TOU TTAPAKATW (eUyoug
eClowoewv Lyapunov

T T T
APE" +EPA = - BB
A"OE +E"04 = -C'C

O1 AUoeig autwyv Twy e€lowoewyv gival ol TTivakeg P kal Q, ypaupiavr eAeyEInoTnTa
KAl ypapuiavh TTapatnenoiydtnTa avriotoixa. Yapyxouv didgopeg uEBodol yia tnv
emiAuon Twv €glowoewv Lyapunov, oTTwg n PéEBodog Bartel-Stewart,n péBodog
alternating direction implicit (ADI), n péBodog Smith, n péBodog Krylov subspace.
Epeig emAéyoupe oav pwTtn péBodo va ulotroiooupe v  LRCF-ADI, n otroia
divel xaunAAng 1agng trpooeyyioelg Twv Avoswv P,Q avri TARpng 1déng AUCEIG TTou
TTPOKUTITOUV OTTO TIG HEBOGDOUG TTOU avagEPBNKaV VWPITEPQ.

P=z27." , 0= 7,27,

AuTiy eival pia onuavTik BeAtiwon kal éva PeyAAo TTAEOVEKTNUA OCOV apopd ToV
XWPO aTTOBNKEUONG KOl TNV UTTOAOYIOTIKA TaXUTNnTA.

To TpwTO KaI KUPIOTEPO HEANUA MPOG €ival va UTTOAOYIOOUMPE TIG PBEATIOTEG
TTOPAPETPOUG PETATOTNONG, {py , P> , P53, - - »P;}, WOTE VO £6ACQANIOTEN N Ypryopn
OUyKAIon TnGg HeBOdoU. Av KAl UTTAPXOUVE OPKETEG TEXVIKEG UTTOAOYIOUWYV
TTOPANETPWY, €MEIC €TMIAECAPE va XPNOIUOTTOINOOUUE TNV  AUCH TOU TTAPOKATW
min-max TTPOoRAAUATOG

J

min max (p; — x)

P1, Pz, P3Par ---Pj  xeR 1(p;+x)
n=

OTToU X TO oUvoAo Twv TIMWV Ritz TTou AauBdvovtal ammd tnv pébBodo Arnoldi. ¢
QUTH TNV TTEPITITWON Ol TINEG TOu X gival ouvBeTol aplBpoi Kal Oxl éva oUVOAo
TIPAYMATIKWY TIHWV OTTWG Ba avapévape. Na emonuavoupe etriong o1t n LRCF-ADI
OUYKAiVEI uOVO OTAV O TTAPAPETPOI JETATOTTIONG €ival APVNTIKEG.
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H tTapatmdvw diadikacia ammo@aacidel eAv ol ETTIAEYUEVES TTAPAPETPOI gival BEATIOTEG,
UTTORBEATIOTEG 1] OXEDOV BEATIOTEG. Av o1 1IB10TINEG TOUu pencil (LE - A) gival auoTnpd
TIPAYMATIKEG KAl OploBeTouvTal, TOTE €ival duvaTdv va avakTtnBouv ol BEATIOTEG
TapdupeTpol. AQou Aoittév ol TiuéG Ritz eival ouvBeteg, o1 TTapdueTpol Ba eival
uttoBéATIoOTOl.  MOAIC  OAOKANpwOei n  emAoyy Twv  TTOPAPETPWY,  TOTE
TpaypatoTrolgital n eravadAnwn ADI, n otroia Ba dwaoel Toug TTapAyovTeG Z . Kal Z, .

H ADI e1IAUEI TIGC aKOAOUBEG TTAVAANYEIG

(A+pE)X; 1 =~ GG' - Xj1 (4" - piE)
— T —
(4 +pE)X; = -GG -X\, (4" ~BjE).
Autd Ta dUo BrigaTa aTTaITOUVTal Yia va €500QANIOTE N CUPPETPia TNG AUoNg X;
OTTOU j €ival 0 apIBUOG TwV BnUdaTwy eTTaVAANWNGS. ZuvoudldovTag TIG dUO TTAPATTAVW
£§I0WOEIG, UTTOKABIOTWVTAG dNnAadr TN TTPWTN emavaAnyn X, ,, otn delTepn Kal

AOvovTag wg TTPOG X, TIPOKUTITEl AUTO TO Brija

Xj _ .0 », (A +EE )—1 GGT (4 +ij)*T+ A4 +ij)*1
A —pE) X, (4 —pE) (4 +pE) "

Twpa, ypagovTtag 10 X; wg yivouevo Twv Cholesky TmapayovTwy, dnA.

Kal ouvdudlovTag auTh Tn TTAPAYOVTOTIOINGN KE TO TTAPATTAVW Priua TTPOKUTITEI

z - [\/— 2, ((4 +DE)'G), (4 +pE)" (4 -BE)Z; 1 1.
To atmoTéAeoua TNG TTPWTNG ETTAVAANYNG €ival

Zy =2 (4 +p,E) ' G).
2€ KGBe Brpa eTavaAnyng, pia véa othAn TmpooTifeTal oToug TTapdayovteg Cholesky
otnv akéAouBn diadikacia, dnA.

Z =1z, Piyz; , Piy(Piyz), ... ... , Py (Py..Pz) ],

otTou

52/108



P;=(2Re(p)) I (N-2Re(p))) (A + pE) " (4-p;E))

gival To eTavaAnTITIKG Bripa Kal TO YIVOPEVO ZijT utrohoyigeTal yia va Bpebei To.X; .

T
MeTtd Tnv avTikardotaon Tou X, OoTnv egiowan AXE' +EX4A = -GG" LEAEYXETAI
META atrd KABe BApa TNG eTTavaAnwng o residual kavovag

T
|AX,E"+ EX, 4 -GG | < e.

Ta BAuaTta Tou aAyopiBuou etravoAapBdavovtal PéEXPl va EETTEPAOTEN N €MOUPNTA
avoxn € .Autd onpaivel 0TI KABe opd Ba TTaiPVOUNE BIAPOPETIKA ATTOTEAECUATA VIO
TIC AUogig  Twv  dImMAwv  Lyapunov €giowoewv P ,Q  Kal  OIAQOPETIKEG
TTOPAYOVTOTTIOINCEIS QUTWYV, MEXPI Vva PpeBei n  KAatdAANAn  XaunAng T1agNg
TTPOCEyYYIoN.

P=zz." , 0= 27,7,

TéNog va emonudvoupe OTI N CUPTTIECN KOTA OTAAEG UTTOAOYICEl Yid OCUUTTIEOUEVN
Mopen Tou TTapdyovta Cholesky xpnoiuotroiwvtag Q R ammoouvBeon. H diadikaoia
OUMTTIEONG ATTAITEITAI OTNV TTEPITITWON OTTOTUXIOG VA UTTOAOYIOTOUV OI BEATIOTOI
TTapAPETPOI OAicBnoNg TTou odnyouv O€ apyr] OUYKAION ME TTOAAG ETTAVAANTITIKA
Buarta. Autd oTadiokd BOa aufnoel Tn dIAOTACN TOU UTTOXWPEOU, O OTI0I0G
arroTeAeiTal amd oTAAEG XaunAng Tagng trapayoviwv Cholesky. Kabe véa oTtrAn
TpoaTiBeTal o€ kABe Pripa emavaAnyng oto Tapdyovra Cholesky Z;. AUTEG ol véeg
OTAAEG KOTAAQUPBAvVOUV Tn MPVAPN KOl QUEAVOuVv TO UTTOAOYIOTIKO KOOTOG TNnG

emavaAnwng. Eival Aoirév atmapaitnTto va KPATHOOUUE TOUG TTAPAYOVTEG 00O TO
duvaTtov xaunAoug o€ Tagn.

AAyo6p10pog 2: Low-rank Cholesky factor ADI iteration (LRCF-ADI)

Input: E, A, B and ADI shifts pi, i = 1,..., maxiter.
Output: Z € R™ with P =zZ"

1. Zy=1l

2. =1

3.  while(not converged) and (i <maxiter) do
4. if i =1 then

S. Solve (4+p,E) V=B for V',

6. else
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7. Solve A+ p,EYV =EV,, for V

8. Vi= Vi —(p; +E)?

9. end if

10. if p, € R then

11. V.= Re(V)
12. Update LRCF Z; =[Z, | \-2p; V]
13. else
14. =2+~ Re(p;) , B=Re(p)/Im(p,)
15. V=V, +2BIm(V,)
16. Update LRCF Z., = [Z,.a(Re (V) +BIm (V) ,a \[(B +1) Im(V )
17. i=i+1

18. end if

19. i=i+1

20. end while

5.3 KpITp1o TEpHATIOHOU

O KavOVIKOTTOINUEVOG KAVOVAG TTOU QAVTIOTOIXEI OTO XaunAng TAENG TTapdyovTta
Cholesky Z opiCetal wg €¢h\¢ (Normalized Residual Norm)

NRN@Z) = || Fzz" +z2" F" + 66" || . | GG" | »,

woTéoo o uttoAoyiopds Twv TIHWY NRN(Z;) kard 1n didpkeia g emavaAnyng
MTTOPEI va gival TTOAU akpIBOG.

MepikéG @OpEC autd TO TTO0OG UTTOAOYIOPOU WTTOPEI va uTTEPREi TO UTTOAOYIOTIKG
KOOTOG TNG idlag eTavaAnyng. EkTog autou o uttoAoyiopdg Twv NRN utropei va
ATTAITAOEl ONUAVTIKA TTO00TNTA PVARNG. AUuTd TO TTOOO €ival TTEPITTOU AVAAOYO UE TO
t; . autd 10 AOyo pTTOPEi va eival TTPOTINOTEPO VA ATTOPEUYOVTAl TA KPITHPIA
TepPaTiopou TTou Bacilovral oto NRN avr’autol va xpnoiyoTroiouvtal @envoTepa
KPITAPIA UTTOAOYICHOU.

Ta OUO TTO KOIVA XPNOIMOTTOIOUPEVA KPITAPIA TEPUATIOMOU yia Tov aAyopiBuo 2
Baaoifovtal oToV EAEYXO TNG OXETIKAG METABOANG Tou TTapayovTa Z dnA.

pi€Rire = H\/_zpi Ville 7 1 Z)]]
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pi € C\R:re;=al[[Re(V,) +BIm(V ), NJB*+1) . Im(V )1l 7/ | Zil

€iTe TO residual TNg TPExoucag eTTavaAnyng

©z) = FZZ E" +EZZT A" + GG" .

MNa T71¢ emavaAqyelg TNG OIKAG Mag EKTEAEONG WTTOPEI va TTapaTtnpnBei OTI TO residual
gival TG akdAoubng doung XapnAAig Tagng

AN H

€z) =(F -pEVW, V., "(F-pE) =V,

N
tVi

EOw o1 TToAAaTTAQCIQOPOI TTAPAPEVOUV ATTO TOV AVTIOTPOYO HETAOXNMUOTIONO TNG
eCiowong Stein. Mropei etTiong va atrodeixOei OTI

V.=V . —2Re(W)EV,

TTOPEXOVTOG €vav €UKOAO TUTTO O OTI0ioG atrobnkevel 1o TTPOCOETO YIVOUEVO
METATOTTIONEVOU OIAVUOUOATOG TTIVOKA.

ATé auty TNV avatrapdotacn 1000 yid TA QACHATIKA 000 KAl yid TOV KAvova
Frobenius TTpoKUTITEI:

N NH ANH A~ N 5
||3€(Zi) | = ”ViVi || = ”Vi V, | = ||Vi |

AtiCel va onPEIWOOUNE OTI O€ TTEPITITWON TTOU 01 TTIPOBOAEG XPNOIKOTTOIOUVTAI YIA TNV
EMTAXUVON TNG €mavaAnywng ,o residual TUTTog dev €ival TTAEoV €yKUPOG. 2™ auTh TN

TEPITTTWON O I//\l Ba Tpétrel va TTPORAAAETaI OTO OpPBOYWVIO CUUTTAAPWHA TOU
XWPOU OToV OToi0  eKTEAEOTNKE N TIPOROAr.. AuoTuxwg autd Oev  gival
atroteAeopaTik@ duvatd. EVOAAGKTIKG MTTOPEi va XPnOoIYoTToINBgi 0 QaCPATIKOG
Kavovag. AOyw CUPUETPIOG Kal oca®rvelag Tou residual, autd CUMTTITITEI JE TN YEYIOTN
IBIOTIUN KOl OUVETTWG MPTTOPEl va xpnoiyotroin®ei pia péBodog Lanczos yia va
€€AYOUNE PIa KAAN TTpOCEyyIon YpAyopa.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KED®AAAIO 6

Extended Krylov Subspace Method
(EKSM)

ZTO TPEXOV KEQAAaIO Ba egeTtdooupe pia deuTtepn onuavtikl péBodo yia Tnv

apiBuntik emmiAuon Twv  Lyapunov €glowoewv HEYAAWV OCUCTAPATWY , TNV
eTravaAnTTikr uE6odo EKSM. ©@a aoxoAnBouue TTpwTa PJE TV KATNYOPIa TWV OTTAWV
Krylov Subspace peB6dwv otnv otroia avAkouv, divovTag KATTOIa ONPAVTIKA KOIVA
XOPAKTNPIOTIKA TOUG KOl OTAV CUVEXEID Ba TTEPACOUNE OTNV ETTEKTACN TNG, TNV
OTTOIa KOl KAAOUPOOTE VA UAOTTOINOOUE .

6.1 Standard Krylov Subspace pééodol

To yevikd TTAdiolo etmiAuong Twv PeBOdWV auTwv OXETICETAI PE TN TTPOROAN TOU
QpPXIKOU TTPORANUATOG O éva TTOAU PIKPOTEPO UTTOXWPO BivOVTOG WG ATTOTEAECUA
éva idIou TUTTOU OUCTNUA YPAUHIKWY EEI0WOEWV PEIWMEVNGS TAENG. O1 pEBodol auTng
TNG Kartnyopiag otnpifovtal atnv diadikaaoia TnG TTPOROARS Kal ETTITUYXAVOUV akpifeia
MEOW TOU pnxaviopou moment-matching .

‘Evag uttoxwpog Krylov Aoittov opidetal atrd Tnv diadoxn Twv £EAG dIAVUCUATWY
K., (A,b) =span{b, Ab ,..., A" 'b}

omrou A € R™ ¢ival évag mivakag, b € R" eival To apxiké didvuoua kai b, Ab ...,
A" b eivar Ta TTapaydpeva Baocikd dlaviopata TTou KaAUTITouv Tov m-th Krylov
UTTOXWPO.

Ta TpwTa PaciKA ypauuikd ave¢dptnta diavuouarta armmoteAouv Tnv Bdon Tou Krylov
UTTOXWPEOU. €& TTEPITITWON TTOAAATTAWYV QPXIKWV BIQVUCUATWY TTPETTEI VO BewpnBei
éva  m-th block TTpokeiyévou o utmoxwpog Krylov va ptropei va atmodwdei pe
akpipela ammd 1o TTAPAKATW
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K, (A,B) =span{B, AB,..., A" 'B}

omou A € R™ ceival évag mrivakag kai B=[b,,b,,.... , b,] € R"™ ¢cival 0 apxIKOG
TIVAKOG  TTOU TTEPIEXEI TO APXIKA YPAPMIKG avegdptnta diavuopata . Av p=1 10TE
Traipvoupe Tov standard Krylov uttoxwpo K, (A,b) pe apxiké didvuoua b.

6.2 MéBodoi1 rpoBoAng via Tig Krylov Subspace pgdédoug

O1 uébodor TG karnyopiag Twv Krylov umoxwpwv Pacifovral otnv 10éa NG
TPOROANG yia va €mMAUCOUV PEYAANG KAINOKAG €CI0WOEIC TTIVAKWY, TV OTToia Kal
avoAuoape o€ IKavoTroInTiIKG PaBud o010 KEPAAaIO 3 OO0V aPOpPA YEVIKA TnVv
ouuTrepIpopd Twv Mor oAyopiOuwyv . ZTnv TIPOKEIYEVN @Aon Ba MIAoouuE
OUYKEKPIPEVA yIa TNV AsiToupyia Twv Krylov Subspace pebodwy .

Ac utroBéooupe U € R™ pe UTU =1, , 010U 01 0TAAEG ToUu U KaAuTTTOoUV [16] évav
utTTOXWpPo diaotaong k, U C R"kal P, =UU T givar n kavovikr opBoywvia TTPoBoAA
mTavw oto U.

H BaoikA 16éa NG TTPOROANRG Twv Lyapunov €€I0W0EWV O€ TETOIOUG UTTOXWPOUG
gekivnoe apxikd amo Ttov agidAoyo emoTApova Y.Saad kai ETTEITA ATTO  TOUG
Jaimoukah «kai Kasenally, o1 oTtroiol €IAEXONKav Evag-£vag EexwpIoTd  va
EQPAPUOOOUV TIG OIKEG TOUC HEBODOUG Krylov uttoxwpwyv yia Tnv €mmiAucn PeEyAAwvV
Lyapunov eflowoewv. ZTnv ouvéxela n 16éa NG €mAoyAg evog Krylov utroxwpou
ETEKTAONKE TTEPAITEPW OTTO TNV V.Simoncini, n oTToia XPNOIKOTIOINCE EKTETANEVOUG-
opBoAoyikoug Krylov utmoxwpoug. H koiviy TTpooéyyion o€ OAEG QUTEG TIC avVAPOPES
gival n emmiAuon NG TTpoBaAAdpevng lyapunov egicwong

U'FUY +YU'F'U = -U'GG"U
avTi TG e¢icwong

FX+XF'=-GG".
MeT& Tnv etriAuon Tng TTapamdvw lyapunov e€icwaong utroloyidoupe ¥ = CTC péow
TapayovTtotroinong Cholesky 1 péow TnG armroouvBeong TG TTPoBaAAduevnNS Auong
Y ka1 Bswpoupe Z = UCT wg T rpocéyyion Twv Cholesky TTapay6éviwy TS AUong.

2€ TIEPITITWON TTOU N AUOTN Ogev €ival ApKETA akpIBNG TT.X. KpivovTag atrd 1o residual
TTou uTToAOyileTal aTTé TNV €l0aywyn Tou ZZ7 Trpémel va Bpedei pia emTékTaon A kal

58/108



Mia evnuépwon Tou uttoxwpou U yia va au¢nbei n eyyupdtnTa TNG TTPOCEYYIOTIKNAG
Auong.

‘Evag KoIvog TTEPIOPIOUOS O€ OAEG TIG TTPOOEYYIOEIC HECW TTPOPOAAG €ival n TTPOROAN
Tou Trivaka UTFU va mapapeivel Hurwitz (nA, dAeg o1 1I810TIHéC va BpiokovTal oTo
avoIxXTé apIoTePO NUIETTITTEDO) £TO1 WOTE VA ETTITEUXOEI N €TTiIAUON TNG £€icwong

U'ruy +YU'FTU = -UTGG™U..

AuTO ouviABwg egao@aAifeTal atrd Tn TTapadoxr OTI o Trivakag F 1TAnpei Tnv €¢N¢g
avicdtnta F +F’ <0, n omoia kavotroiei To Bendixon 8swpnua .Auth eival pia
£TTAPKAC TTPOUTTOBEON €101 WOTE 0 Trivakag U’ F U va givar Hurwitz, yia kaBe U Trou
OpPIOTNKE TTAPATTAVW.

H ouykekpiyévn diadikaoia Bupilel Tnv avadAuon tng peBédou GMRES yia Tutriké
ypaupikad cuotiuata Mikkelsen kai deixvel 611 n PEBOdOG TTPOBOANG TTOU TTPOKUTITEI
atd Tnv €mAoyn Tou uttéxwpou Arnoldi yia To U utropei va cuykAivel auBaipeta Kal
OXI KaAd. ZTnV TTPA¢n, autég ol uEBODOI OEV NTAV AVTAYWVIOTIKEG UE TIG ETTAVAANWEIG
TUTTOoU low rank ADI i Smith péxpr Tnv avakdAuyn tTng peBodou Extended Arnoldi
até Tnv V.Simoncini.

Ta avrioToixa atroteAéopata yia TNV aAyePpikn Riccati e€iowon €xouv ektmovnBei
atmo Tov Jbilou kal Toug ocuyypageic o€ pia ocipd eyypdewv amd 1o 2003,aAAG n
Baoikry 16éa emmiong dlapopewvotav oTa fyypaga atmd Toug Jaimoukah kai
Kasenally. H TrpoaAAduevn Riccati e€iowon

CT'C + ATXE + ETXA - E"XBB'XE=0
o€ TTA\pPN avaloyia e Tnv e€iocwon
U'FUY +YUTFTU = -UTGGTU

MTTOPEI va EKQPAOTEI WG:

—_T— — = =T = = = =] =

CC+ AYE+EYA-FEYBBYE=0

OTTOU Ol OUVTEAEOTEG Kal Ta OeQOMEVA TWwV TIIVAKWY opifovTal wg C =CU,
B =U"B, A=U"AU, ka1 E=UTEU. Qot600 n ouvbrikn F +F’ <0 efaoBevei
edw. AuTo onuaivel 6T dgv atraiteital n  1010TNTa Hurwitz yia 10 id10 TO CUUMPETPIKO
TUAMA Tou E~'4 aMd yia Toug avTioToixoug EUGTABNS TTVOKEG KAEIOTOU BPAyXou.
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6.3 YAotroinon tng EKSM pg86dou

Apxik& o Druskin kai o Knizherman Bewpnoav 611 0 uttoxwpog K ptropouce va
EMTTAOUTIOTEI WOTE VA TIEPIEXEI TTEPIOCOTEPEG TTANPOPOPIEG OATTO €EKEIVEG TOU
Kavovikou uttoxwpou K, (F,G) [22],[23],[24],[25]. Na 10 okoTtd QUTO, LEKIVWVTOG
amo T0 {eUyog {G,F 'G} mpdreivav va SnuioupynBei pia akoAoubia Xwpwv
TTPOCEYYIONG TTOU TTEPIEXOUV TTANPOYOpIES TOTO yia To F 600 Kal yia 1o F !, pe v
TTPooBNKn duo dlavuoudTwy KABe popd, evog TTOANaTTAaCIaopévou pe To F Kal evog
GMou pe To F ', dnhadn

EK.(F.G)=K,(F,G) U Ku(F',F'G) =
EK, (F.G)=span{G,F ' G, FG, F*G, F*G,......... }.

O1 Extended Krylov uttéxwpol Aoitrov gival évag ouvduaouog Twv Krylov uttoxwpwv
K, (F,G) ka1 K, (F' G) kal Bswpeital pia véa TAEN UTTOXWPWV YIa Tn TTPOCEYYIoN
ouvaptnong Tvakwy. MOAIG dnuioupynBei 0 XWPOG TIPOCEYYIONG, TO QPXIKO
TTPEOPBANPa TTPORAAAETAI 0€ AUTOV TOV XWPEO Kal TO TTPOKUTITOV TTPORANUA HIKPWV
O1a0TACEWV ETTIAUETAL.

21NV ouvéxela 1o 2006 n Simoncini €ixe TNV 10€a va €papudoel akpIBWS auTdv Tov
UTTOXWpPO oTn MEBOdO TNG TTou NATav apxika yvwoTthi ws KpiK (Krylov plus inverse
Krylov) mmapatnpwvTtag 6T 0 TTapaTTavw UTTOXWPEOGS €ival I000UVANOG E TOV XWPO
K, (F,F™"G).Eivai {ekGBapo dnAadn 0TI I0XUOUV OI TTAPaKATW OXETEIG

EX, (F.G)= K, (F,F™"G)
Kdl
EX, (F.G)SEK, . (F.G).

2€ KAOe eTavaAnwn autig Tng diadikaciag, TTPoaTiBovTal oToV XWPO 2 véa PTTAOK K
dlavuoudtwy,£T0l woTe n O1IA0TAON TOU Xwpou va augdvetal kata 2k. Na
emonuavoupe 0TI n opBoywvia Baon g Extended Krylov Subspace dnuioupyeital
ETTAVOANTITIKA KOl O XWPOGS eTTekTeiveTal Pe TNV dladikacia Gram-Schmidt, ye TpétTo
TTAPOUOIO PE QUTOV Tou atTAou Krylov utroxwpou.

2TNV OUVEXEID dNUIOUPYOUNE MPE ETAVOANTITIKO TPATTO TOV TTiVaKa TTPOBOANG TTOoU
QVTITTPOOWTTEVEI TO TTivaKa F, Xwpig eITTAEOV TTOANQTTAQCIACUO TTiVAKA-O1avVUOUATOG
ME TOV F, xpnoigotroiwvTag pia GAAn eTavaAnTrtikr diadikaaoia. Av ol oTiAeg Tou U,
gKTEIVOVTAI OTOV UTTOXWPO EK,,(F,G) 10TE atraiteital pia ad-hoc diadikacia yia va
TpoodlopioTei 0 Trivakag TIPpoBoAng Tou F, F, = Ul'F U, ,5edopévou 6T n
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Gram-Schmidt diadikaoia Trapdyel TTOAATTAACIOCUOUG TTIVAKWV-OIOVUOUATWY JE TOV
F xwpig KOOTOG POVO yia TIG TTEPITTEG OTAAEG TOu. To idl0 KAVOUMPE KI yia va
dNMIoUPYOOUME TOV TTivakKa TTPOROAAG Tou G, G, = Ul G.

Mia emravaAnTmiky  Oladikaoia TTOU  UTTOPEI  va  €QAPPOOTEI €101 WOTE  vd
TTPOCdIOPIOTOUV Ol TTAPATTAVW TTIVAKEG €ival N €ENG: OI TTEPITTEG OTHAEG CUNTTITITOUV
ME TIG OTAAEG TOU TTiVOKO OUVTEAEOTWYV OTN diadikaoia Gram-Schmidt ,evw o1 Cuyég
OTAAEG QVOKTWVTAI HEOCW BonOnTiKAG £TTAVAANWNG MIKPOU-UAKOUG OIOVUOUATWY. 2€
KGBe emavaAnyn a@ol evnuepwBoUuv Ta F,, G, Advetal pia Lyapunov ggiowon
MIKPRG d1A0TaONG ME TTIVAKEG HEYEBOUG 2km X 2km

F, Y, +Y,F =-G' G,

amd Tnv otroia utroAoyiletal KABe @opd 10 Y .. ‘ETeITa KAvouue £Aeyxo aUykAIong
NG MEBSOOU XPNOILOTTOIVTAG TO KPITAPIO TEPUATIOUOU TNG ETTOPEVNG vOTNTAG. AV
doupe 0TI n YEBodOG ouykAivel TTapayovToTroloUpe To Y, kata Cholesky, Bpiokoupue
TOoV Trapayovra Z Trou €mBOuuoupe Ki TeppaTiCel n diadikacia. Av n pgEBodog dev
OUYKAIVEI OTnV TpEXOUOd ETTAVAANWN AVAVEWVETAI O UTTOXWPEOG Kal YivovTal Ol
KataAAnAeg opBoywvoTroifoeig TTou avaAuoape Trapatmdvw yia va augnbei n
EYYUPOTNTA TNG TTPOCEYYIOTIKAG AUONG.

AAyo6pi10pog 3 : Extended Krylov Subspace Method (EKSM)

Input: E, A, Bwith E'A+ 4T ET <0
Output: Z € R™ with X~ zZzT

:if E = then

: SetF=A,G=B

. else

Compute Cholesky decomposition LL” = E
SetF=L"'AL" ,G=L"'B

: end if

V1 =orth([G, F' G))

i=2, U=V,

: while (i <maxiter) do

10: F,=U'FU and G,=U"G

11: Solve F, Y, + Y, F] =-G! G, for Y,
12: if (converged) then

13: if (E =1) then

[(e]
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14: Z=1U chol(Y;)and STOP

15: else

16: Z=L""U chol(Y,)and STOP
17: end if

18: end if

19: V. =[F UG ,2 - 1), F'UG , 2))]
20: Orthogonalize V., with respect to U
21: Orthogonalize V., internally

22:. U=[U,V,,]

23:i=i+1

24: end while

lMNa 1o yevikoUg Pn TOUTOTIKOUG TTivaKeS E yivetalr ammAd pia avtikatdotaon ato n
ammoouvBeon LU ota mapatmdvw. Q¢ evaAAakTIKy AUon OTnv TTpocEyyion Tng
arroouvBeong Ba PTTOPOUCAME VA OOKIJACOUUE va OIATUTTWOOUNE TOV OAyOpIBuo
oUPQWVA Pe Toug 6pouc E'A emAlovTac wg Tpog E 6ToTe n avrioTpor sival
amapaitntn. Me autd Tov TPOTTO WTTOPEl va atroQeuxBei n emmTTAéov KaTavaAwaon
MVAMUNG TToU TTpoKaAcgiTal atrd Toug Cholesky mapdyovTeg pe KOOTOG TNV OTTWAEIA TNG
€UKOANG residual eTravdAnyng.

6.4 KpITip1o TEpHATIOUOU

‘Eva Baoiké ouoTaTikKO YIO TNV ATTOTEAEOUATIKOTNTA TNG PEBOdou EKSM cival n
TTapartrenon o1l n vépua oT1o K-00TO BrAua UTTOPEI VO UTTOAOYIOTEI HECW TOU

\Fzz"+ ZZ'F" + GG || = || GiF,Y, ||
onA, BaciCetar otn TTPOPOAA HIKPOTEPWY OedOUEVWY, ATTOPEUYOVTAG TO PNTO
oxnUaTiIopd Tou TARpoug residual, B akdpa kal Tou TTapdyovia Z. AuoTuXWwG n
dIaTUTTWON AUTH I0XUEI JOVO Yia Lyapunov €51I0WOE€IS TG HOPPAS

FX+ XF" = —GG”

Kal OEV UTTOPEI va ETTEKTOBEI OTIC TTAPAKATW EEICWOEIC

APET + EPAT = —-BBT |,
ATQE + ETo4=-C"C .
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‘ETo1 n ammoouvBeon Cholesky Tou E otov aAyopiBuo padi pe TG eTITTAOV aTTAITACEIG
MVAUNG yia Tov R 0¢ ptropei va ammopeuxBei. Na onueiwooupe €mmiong o1t o R
XpnoIJoTIolEiTal g€ OAOKANPO TOV OAYOpPIOUO yia va atro@euxBei 0 CaPAg
OXNMATIOPOG Tou TTivaka F ,0 o1Toiog Ba yivoTav eUKOAA TTUKVOC.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEDOAAAIO 7
YAoT1roinon TnG TPocopoiwong

ZTO KEQAAQIO AUTO TTEPIYPAPOUNE TTWG POVTEAOTTOIOUHME TO KUKAWWPA TTOU HAG

000nke a1rd TO ApXEio €100d0U, TTWG €gdyoupe To MNA oUOTNUA TOU KUKAWPATOG
TTOU €TMIOUPOUPE AAAG KAl TO TTWG TO ATTAOTTOIOUPE OTNV OUVEXEIA KAVOVTAG XPron
NG uEBdGdou TBR woTte va Aubei To ouoTnua TToAU ypnyopoTepa o€ OXECN ME TO
QpPXIKO.

7.1 Karaokeun NMpoocopoiwTh

H uAotroinon pag &ekivdel ammd 1o onueio 61mou AauBdvouue 10 apyeio €i106dou Tou
TpooopelwTy [26]. To apxeio autd eival éva apxeio TTEQIYPAPNS KUKAWHATOG
oUPQWVA JE KATTOI0 TTPOKOBOPIoPEVO TTPOTUTTO, TO OTIOI0 €ival Kovd yia TIG
TTEPIOTOTEPES EQAPHOYEG TTPOCONOIWONG KUKAWPATWV.

To KABe KUKAWMATIKO OTOIXEIO £XEI TO DIKO TOU TTPOKABOPIoPEVO Gvoua KaBwWGS Kal hia
OUYKEKPIPEVN MOp®r, atmd Tnv oTroia opifoupe TIG BIAPOPES TTAPAUETPOUG TOU.
Otmrwg yvwpiloupe uttdpxouv TTOANG €idn TETOIWV OTOIXEIWV T OTTOIA TTPETTEI VA
oupTTrEPIAGBOUPE OTOV DIKO PAG AVOAUTH.

7.2 ApxXeio TTEPIYPAPG KUKAWMATOG

‘OTTWG TTPoavaPEPAPE, TO ApXIKO OTAdIO yia Tn dnuioupyia evog TTPOCOUOIWTH gival
va OIaBACOUUE TO APXEIO EI00D0OU KAl VO PETAPEPOUNE TIG TTANPOPOPIEG TOU OTOV
TIPOCOMNOIWTH HAG. ZUVETTWG, OIOTPEXOUME TIG YPAMMES TOU APXEIOU Mia TTPOG Wia
(KGO ypauun TTEPIYPAPEl €va KUKAWMPATIKO OTOIXEIO) KAl OTn OUVEXEIA OAEG TIG
TTAPAPETPOUG TOU KABE OTOIXEIOU.
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KdaBe popd 1ToU diapadoupe €va OTOIXEIO TO KATAXWPEOUUE O€ pia KAaTAAAnAn dopun
ANioTag WoTe va Pnv XPeIddeTal va avaTpEXouue KABE @opd OTO apxeio €10000uU.
QoT1600 KABE KUKAWMATIKO aToIXEio TTOU dlaBdadeTal TrEPIEXEI KOPPBOUG, GTOUG OTTOIOUG
TO oToIXEio €ival ouvdedepévo. MNa va yivel eUKOAOTEPN AoITTOV N opydvwon Twv
OTOIXEIWV  XPNOIKOTTOIOUKE TOV TTIVAKO KATOKEPUATIOUOU YIa TNV aTTOBAKEUC TOUG.
H 6éon evog oTtoixeiou péoa o€ éva Trivaka katakeppaTiopou (Eikéva 7.1) opileTal
ateudeiag w¢g ouvdaptnon Tou idlIou Tou OToIxEiou Kal OxI UoTeEPa aATTO pia o€lpd
OUYKPIOEWYV, ME amroTEAECua va yivetalr Taxutepn n avalntnon, Me TTOAU KaAR
atrodoon.

key_1 \
—_— 0 value_1

key2 ——— Hash /_,.—-——-F 1 s
s Function =

/ ! iﬁi 2 | value_3

key 3 3 value 4

Eikéva 7.1: Napddeypa xpriong hashtable

7.3 Xpaon Tou TTivaka KATOKEPUATIONOU

KdaBe @opd 10U diapadoupe €va VEO KUKAWMATIKG OTOIXEIO aTTO TO APXEI0 £100d0U
ATTOONKEUOUPE OTOV TTIVOKA KOATAKEPMATIONOU TOUG KOPPBOUG HE TOUG OTTOIOUG
ouvdéeTal autd. XpnoIPoTToloUuE To Ovoua Twv KOUPwV HPE TOUG OTToioUG Eival
OUVOEDEUEVO TO VEO OTOIXEIO VIO va EAEYEOUPE Qv UTTAPXOUV OTNV ouvdeoUoAoyia i
OxI. Av T0 Gvoua TOU KOUPBOU UTTAPXEI,MOG ETTIOTPEPETAI N TIUA TToU £XEl AGBEI OTO
ouoTnNua pag tnv 0edopévn OTIYPR Kal TV oTroia Ba kpaTtAoel otnv diadikaoia
onuioupyiag Tou MNA Trivaka. AvTiBeta o€ TTEPITITWON TTOU TO Gvoua Tou KOuPBou
Oev evTOTTIETAI, dNUIOUPYEITAI YIO VEQ KATAXWENON OTOV TTiVOKA KOTAKEPUATIOPOU
Kal ETTIOTPEPETAI N VEA TIKI TOU KOUBOU.

210 TEAOG TNG dI0dIKACIAG AUTAG, £XOUME évav TTiVOKA O OTTOIOG TTEPIEXEI ATTO Wia
@opa Tov KABE KOPPO TOU CUCTANATOG XWPIG ETTAVAANTITIKEG KATAXWPNOEIG KAl XWPIG
VO UTTAPXOUV Keva OTnv apiBunon Twv KOUPwv. ZTn CUVEXEIQ WTTOPOUMPE TTOAU
€UKOAa va kataokeuaooupe Tov MNA TTivaka.
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7.4 MNA ocU00TNHO TOU KUKAWMOTOG

A@oU AoItdv oAokAnpwOei 1o diIdBacua Tou apxEiou €I0000U Kal N ATTOBAKEUCT TWV
TTANPOQOPIWV TOU OTNV OOMN OedOUEVWY TTOU ETTIAECANE, OUVBETOUNE TO OUCTNUA
MNA TOoU KUKAWMOTOG .2TO onueio autd Oev Ba PTTOUHPE O TTOANEG AETTTOUEPEIEG
KaBwg n dladikaoia autr éxel Teplypa@ei avaAuTtikd oto KepdAaio 2. To pévo Trou
xpeldletal gival va akoAouBAoouuE TO TTPOTUTTO TTOU TTAPEXETAI VIO TRV OUVOECH TOU
Tivaka.

H BaoikA 16éa cival 0TI yia KABe oToIxEio TTOU dlaBAdeTal Ao TO apxeio €106dou
divetal éva €idog o@payidag, n otroia TTEPIYPAPEI AKPIBWS TNV OUVEICPOPA TOU
oTtoixeiou otn doul Tou MNA Tivaka. KABe oToIxEio avAKEl O PIA CUYKEKPIPEVN
oudda oToIxXEiwv TToU £TTNPEACOUV avAaAoya Tn CUUTTEPIPOPA TOU KUKAWMOTOG. AUTEG
ol ouGdeg eival duo. H oudda 1, n otroia TTEPIEXEI AVTIOTAOEIG, TTUKVWTEG KAl TTNYEG
PEUPATOG KAl N OPAdA2, N OTToIx TTEPIEXEI TTNVIA KAl TTNYES TAOEIG.

A@oU dnuIoupyNoouuE AOITTOV QUTEG TIG OUO OUADES OTOIXEIWV XWPICOUPE avTioTOIXO
TOV TTIVOKQO KOl T QIQVUCPATA PEUPATWY KAl TAOEWYV £TTIONG O 2 AAAEG OPADEG. 2TNV
OUVEXEIO XpnolhoTTolouue Toug vopoug Tou Kirchhoff yia ta pedpata kai TI TAOEIG
(KCL, KVL), woTe va eEAYOUNE TIG EI0WOEIG KAl VO AVAYOUUE TO CUCTNHA EEI0WOEWV
oe pop®n Trivaka. TEAog pe TN BorBela auTwy TwV TIVAKWY KaTaArjyoupe oto MNA
oU0TNUa ToU KUKAWPATOG pag. Na emonuévouue TTaAl 6Tl Ta Briuata KATAOKEUNG TOU
M N A ocucTtiuartog €ival akpiBwg idia Ye autd TTou ava@épBnkav oTo KEQAAQIO 2,
yI'auTo Kal T TTAPOAEIPAPE OTO CUYKEKPIPEVO CnUEio.

7.5 Xprion ped6dwv utroBifacpuou Tadgng MovréAou

AQoU POVTEAOTTOINOOUUE AOITTOV TO KUKAWMA TTOU Pag OOBNKE atro To apxeio e10000u
kal e€ayoupe 10 MNA oUoTnUO TOU KUKAWMATOG TTOU ETTIOUPOUME, TO ATTAOTTOIOUME
KavovTag xpron karolag ueboédou utroBifacuou T1agng povréAdou (MOR), woTte va
ENAXIOTOTTOINCOUNE TNV TAEN TOU aPXIKOU CUCTHPATOG.

21NV TTapouca JITTAWUATIKI epyacia n pEBOdOG TTou eTTIAEXONKE va PEAETNOE AAAG
Kal va uAotroinBei cival n pébBodog TBR . O aAyopiBuog TNG avaAubnke AETTTOUEPWGS
oTa Ke@aAaia 4,5,6.

H TBR AapBdvel wg apxikad opiopata Toug Trivakeg A,B,C kai D kal TTapdyel véoug

MIKPOTEPNG  OIACTAONG, TTIVAKEG A,B,C,D. 'Emera €xoviag aQutég  TIG
€10000UG,£QapUOlouPe TOV OAYOPIBUO TTPOKEINEVOU VA @QTACOUUE OTO €TMOUUNTO
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ammotéAeopa, péoa atmd Tn dnuioupyia TNG ouvaApTNONG METOPOPASG TOU APXIKOU
OUCTAMATOG KAl TG ouvapTNOoNG METAQOPAS TOU MEIWPEVOU OCUCTHPATOG TTOU
TIPOKUTITEI PMETA TN XpAon Tou. H atrdékpion ouyxvdTnTag Tou VEOU CUCTHPATOG Ba
TTPoOoEeyYiCel OO0 YiVETAl TTEPICCOTEPO TNV AVTIOTOIXN ATTOKPIOT TOU apXIkou. AnAadr)
TO OQAAUQ TNG TTPOOEYYIONG VA Eival TTOAU PIKPO.

Na emonudvouue woTOoo OTI 01 TTVOKEG Jag Ba TTPETTEl va gival CUPMETPIKOI Kal
BeTIKA opiopévol (SPD), yia 1o Adyo autd @PovTioCauE TO apXIKO Pag KUKAwUa  va
atroTeAEiTal YOVO OTTO  OTOoIXEId TNG Oopadag 1, dNAadr AVTIOTATEG, TTUKVWTEG Kal

TTNYEG PEUPATOG.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEPAAAIO 8

EKTipnon tng Avong -AtroteAéopara

ZTO KEQAAQIO aQUTO TTAPOUCIACOUUE KATTOIO EVOEIKTIKA  QTTOTEAECPATA TOU

aAyopiBuou TBR T1OU TApapE atmd 10 ApXEia TTEPIYPAPASG KUKAWPATWY KAVOVTOG
Xpnon kai Twv duo Low Rank pebddwv TToU UAOTTOINCAUE WOTE VO UTTOPECOUNE VO
aglohoynooupe TNV TBR w¢ oUvoho. Méoa ammd  KATAAANAEG  YPOQIKES
avatrapaoTdoelg TTpooTraboupe va Ogicoupe TNV opBOTATA KAl TV akpiBeia Tng
MEBOOOU Kkal va atrodeicoupe  OTI  dIKaloAoynuéva  Bewpeital  pia attd  TIG
ATTOOOTIKOTEPEG HEBODOUG EAATTWONG TAENG OUCTANATOG.

8.1 AvdAuon uhoTroinong

2TNV TTapouca OITTAWMOTIKA €pyacia ekTOG atro TN MEAETN Twv PHEBOGdwvY MOR o€
YEVIKO TTAQiO10,KAAECTHKAPE VO UAOTTOINCOOUNE CEXWPIOTA TPEIS TTOAU ONUAVTIKOUG
aAyopiBuoug TTou avAkouv oTtnv Katnyopia auth. O1 KWAOIKEG TTOU UAOTTOINCAUE VIO
TOoug aAyopiBuoug éyivav oto ypagikd TTepIBGAAov TN MATLAB pe Tnv evowudtwon
Tou ‘Control System Toolbox’ kal 01 TTPOCOUOIWCEIG £yIvaV TTAVW 0€ CUCTNUA YE TA
aKOAOUBA XOPAKTNPIOTIKA:

Operating System Version microsoft windows 7 professional 2009
Processor intel(r) core(tm) i3 cpu m370 @ 2.40ghz
Processor Max Speed 2457 MHz

Total Physical Memory 4GB

Mivakag 8.1: XapakTnpIioTIKA TOU CUCTAPATOG HOG
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MNa va gAéyéoupe TNV 0pBOTNTA TWV PEBOSdWV TTOU UAOTTOINCOUE XPENOIUOTTOINCAE
KATTOIO EVOEIKTIKA KUKAWUATA ,0TTOU OPXIKA ATAV WIKPAG d1IA0TACNG KAl OTr OUVEXEIQ
ETTEKTEIVAPE TN OIACTACN TOUG YIA TTIO PEAMNIOTIKA atToTEAéOUATA. 2TO TTivaoKa 8.2
TEPIYPAPETAI €va €VOEIKTIKO KUKAWMQ TTOU Xpnoiyotroindnke ue trivakeg C kar G
didoTaong 280x280 .

Name Nodes Current Resistances | Capacitors
Sources
IBM 281 4 360 280

Mivakag 8.2: EvdeikTikG Benchmark pikprig didotaong Trivaka

MpoypapuariCovrag Aoimmov 6Aa 1o TTapatmdvw  fuactav o€ B€on  va
TIPAYUOTOTIOIOOUNE AVATTAPACTACEIC TOU OCUCTAPATOS WOTE VA DIATTIOTWOOUNE KAl
oTnVv TTPAgN TIG duvaTOTNTEG TTOU HaG TTapéXEl 0 aAyopiBuog TBR og ouvduaouo ue
TIG uEBSSoug LRCF-ADI kal EKSM .

Ag uttoBéooupe TTwWG 1O pEYEBOG Twv Tvakwy C kal G €ival size x size kal 10
péyeBog Tou TTivaka B eival size x sizeB. H dnuioupyia Twv véwv TIvAKwy Ba dwaoel
TNVOKEG ME TIG TTAPAKATW OIOOTACEIG:

A — (size x size) x (size x size) — (size x size)

G — new_size X new_size
C — new_size x new_size
B — new_size x sizeB

Kal TeEAIK& Ba AdBoupe ouvapTnon HETAPOPAS TTOU Ba £XEI TIC TTAPAKATW DIOOTACEIG :

[ A— —_—] —
Z=B (G+sC) B

Z— (sizeB x new_size) x (new_size x new_size) x (new_size x sizeB)
Z — (sizeB x sizeB)
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Kavovtag avriotoixn diadikaoia kal yia TNV ouvapTnon MHETAQOPAS TOU apXIKoU
KUKAWPATOG €XOUUE TNV €¢AG didoTaon :

Z=BT (G+sC)'B
Z — (sizeB x size) x ( size x size ) x (size x sizeB)
Z — (sizeB x sizeB)

EUkoAa TTapatnpoupe OTI N cuvapTNon UETAPOPAS TOU EAATTWHEVOU POVTEAOU UETA
TNV €@apuoyrp Tou MOR aAyopiBuou Ba €xer akpiBwg Tnv idla didotacn PE TNV
QVvTIOTOIXN OUuVAPTNON METAPOPAG TOU OpPXIKOU HOVTEAOU OTTwG Ba  deifouue
TTAPOKATW KAl O€ YPAPIKEG AVATTAPAOTACEIG.

8.2 EvoseikTIKA AtroTeAéoparta NMpooopoiwong

2TO OUYKEKPIUEVO OnueEio Ba TTapouCIACOUNE KATTOIa ATTO TA ATTOTEAECUATA TTOU
TPAME PMETA TNV UAOTTOINON TNG PEBOGBou TBR Ta otroia Bewproape atmrapaitnTa va
oupTTEPINGBOUNE Kal 0TO BewpnTIKO AVATITUYHA TNG EPYACTIAC.

Omtwg €xoupe ava@épel apxXikd aoXoAnBAkKape PeE TNV uAoTroinon Twv OITTAWV
Lyapunov €filowoewv TOUu apPXIKOU OUCTAMUOTOG TIPOKEIUEVOU VO UTTOAOYIOOUME
TIPOOEYYIOTIKA TOUG YPOUMIAVOUG TTiVaKES eAeyEIUOTNTAG KAl TTapaTtnpnoiuétnTac. lMNa
TOV OKOTTO autd Kavape xprion tmpwta TG peBOGdou LRCF-ADI kai émmeira tng
pNEBOOOU EKSM, duo péBodol TTou OTav XpnaoiyoTtrolouvTal yia Tov uttoBIBacud Tadéng
MovTéAou (oe ouvduaouo pe v TBR) divouv mmapopola atroteAéopara. Ki oTig duo
TEPITITWOEIG N TAEN TNG AUoNG TTou TTapAyeTal €ival TTOAU PIKPr) 0€ OUYKPION WE TNV
TPAYMATIK TNG O1A0TACON ME ATTOTEAECHO va €XOUME ONUAvVTIKA PBeATtiwon oocov
a@OopPAa TO XWPO ATTOBRKEUONG KAl TO XPOVO UTTOAOYICHOU.

MapakdTw Ttapoucialoupe 170 TARBOG Twv ETTAVONAYWEWVY Yyia KaBepia péBodo
EeEXWPIOTA PEXPI va Yivel N oUykKAIon Toug, dnNAadn n vopua va TTANCIACEl TO uNdEv.
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Eikova 8.1: H peiwon tng vopuag tnG d1agopds Twv dUO CUVAPTHOEWV PETAPOPAG
ouvaptRoel Twv 181dfoucwyv TIHWV TNG LFCR-ADI uebédou
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Eikbéva 8.2: H pegiwon g vopuag TG dia@opdg Twv OUO CUVAPTACEWY PETAPOPAS
ouvapTtRoel Twv 181doucwyv TIHWV TNG EKSM pegbddou
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Mpiv TTpoxwproouue ota emmopeva Pripata tou aAyopiOpou TBR Ba BéAaue va
QVOQEPOUUE  KATTOIEG  OIAPOPEG  TTOU  TTAPATNPACAME ATTO  TA  OTTOTEAEOUATA
epapuoyns Twv OUo low-rank peBddwv. O1 péBodor Tou Pacifovrar atnv ADI
eTTavaAnwn raparnpAcape OTI CUYKAIVOUV YPAPUIKA 1) UTTEPYPOUMIKA EVW 01 HEBO0DOI
TTou oTtnpifovtal otoug Krylov utToXWpPoUuG YEVIKA TTAPOUCIAOUV HIa UTTOYPOUMIKN
OUYKAION. 2TnVv OeUTEPN TTEPITITWON UTTOPEI CUXVA va TTapaTnEnOEi hia oTaoINoTNTA
TWV KAPTTUAwV oUykAiong. Auté ocupPaivel akOua Kal o€ TTOANA OUUMETPIKA
TpoBARuara yia Ta otoia n amédoon Tng ADI eival TToAU ypriyopn kai a&iétmiotn. H
Bpadutepn OUYKAION wWOTOCO TwWV Krylov pebddwv dev pag TTpokAAeoe 181aiTEPN
EKTTANEN €TTe1dry oxeTiCetar pe TMoAuwvupa oto F evw n ADI Baoiletar o€ €va
TTPORANUA 0pBOAOYIKAG TTPOCEYYIONG.

levikd o1 TTapdyovteg TTou Trapéxovral armo TIG Krylov peBodoug cival
uwnASGTEPNG TAENG KAl WG €K TOUTOU QTTAITOUV TTEPICCOTEPN WVAMN YIO OTTOBRKEUON
aTTo ekeivoug TNG idlag akpiBelag TTou rapéxovtal atmo TIG ADI pebddoug. H pikpdTnTa
autoUu Tou Pabpou eival ouxvd KpioIun yia TNV TTOAUTTAOKOTNTA ‘€EWTEPIKWV’
OAYOPIBUWY OTTWG KATTOIWV OAYopPIBUwWY peiwong povtéAou. Avau@ioBnTnta otav
ouvdudadovTal Pe TTPOKATAPKTIKOUG aAyopiBuoug (mx ILU), o1 Krylov péBodol 6TTwg n
GMRES i QMR cival 1oxupd epyaAeia yia tnv €mmiAuon Twv TTOAU peyAAwv
OUCTNUATWY YPOAUUIKWY €CI0WOEWV. Oa TIPETTEl €TTIONG VA ONUEIWOOUME OTI Ol
pEBoDdOI utToBIBacuou Krylov yia Tov uttoAoyioud Twv TTapayoviwy XapnAng T1adéng
uTTopei va amoTUxouve av F +F7 dev eival apvnTIkG opiopévog .AvTiBeTa, povo n
oT1aBepdTnTa TOU F €ival atrapaitnTn yia TRV oUyKAIon Twv PEBOdwYV TTou BacifovTal
otnv ADI eTavaAnyn.

Mia GAAn  eCioou Paoikr) dia@opd TIOU TTAPATNPACAPE EYKEITAI OTNV
TTOAUTTAOKOTNTA (UVAMN Kal UTTOAOYIOHOG) Twv dUOo ueBddwyv. O1 Krylov péBodor yia
va uttoAoyioouv Toug Trapdyovteg Auong Twv OImTAwv lyapunov e€lowoewv
BaoiCovtar oe yivopevo TIVAKwyY evw oTtnv LRCF-ADI mpémrel va  emmAuBouv
METATOTTIONEVO CUOTAPOTA YPOUMIKWY EEICWOEWYV TTOU €ival PEPIKEG POPES AANG OxI
TTAvTa éva oOBaPO PEIOVEKTNUA. APXIKA, OE OPIOPEVEG TTEPITITWOEIG (TT.X. €AV O F €xel
Mia dopn AeTTTAC dwvng) Ol TTAPAKATW AEITOUPYIES

Y —FW
Y — (F+pl,) "W (Rep<0)

ATTAITOUV TTEPITTOU TO 10 TTOGO UTTOAOYIGHOU.
2.€ TTOAEG GAAEG TTANI TTEPITITWOEIG UTTOPOUV VA £QAPUOCTOUV ATTOO0TIKG oI Krylov
Subspace pébodol o€ OUOTAUATO YPOUMIKWY €EI0WOEWV Yia Tnv E€TTiAuon NG

Y «— (F+pl,) 'W (Rep<0).Téhog, Ba B¢Aape va Toviooude OTI TO UTTOAOYIOTIKO
KOOTOG avd Bripa emavaAnwng augdvetal oTig Krylov Subspace peBddoug SITTAwvV
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lyapunov eglowoewv kKabwg PBaoifovtal otn diadikaoia Arnoldi, evw To KOOTOG YO
ToVv aAyopiBuo LRCF-ADI gival otaBepd.

NauBdavovtag uttown OAeC auTég TIGC ekTIUNOEIG, TTIoTEVoUUE OTI n LRCF-ADI
gival o€ TTOAAEG TTEPITTTWOEIS N MEBODOG €TTIAOYAG YIa TRV £TTIAUCT PEYGAWYV lyapunov
eClowoewy, 1IB1aITEPa OTAV N PMIKPOTNTA TOU BABUOU TWV UTTOAOYICHEVWV TTAPAYOVTWYV
LRCF O&iadpapartifel kpioigo poAo kai eivalr €mOupnti n uwnAn akpipeia Tng
TIPOOEYYIOTIKNG AUONG.

2TNV OUVEXEIQ VI va DIATTIOTWOOUME OTI TA ATTOTEAEOUATA TTOU TIAPAME KAl ATTO TIG
Ouo low rank ueBdédoug cival cwoTd, TpELaE TIC £€1I0WOEIS Pe To lyap Tou matlab kai
TO aTTOTEAECMATA TA OUYKpivape HE Ta apxeia eksm.m, Ircfadi.m T1a oTroia
uAotroimoapue eueic. MNMaparnprioaue OTI Ol TTIVAKES TTOU TTapdayel To eksm.m givai idiol
MEXPI TO S50 dekadikd wngio oe oxéon pe 1O lyap Tou matlab evw o1 Trivakeg Tou
Ircfadi.m civai id1o1 y€Expl T0 70 deKAdIKO Wnio. Auté onuaivel OTI ue TNV XPAON Kal
Twv OU0 PEBOdWYV TTaipvouue Mia TTOAU KOAA TTpooEyyion TG Auong Twv lyapunov
€CIOWOEWV OTTWG KAl ETTIOUPOUCALE.

Agpou e@apudoaue TIC duo TTapaTTdvw low rank peBOdOUC OuveXiOOUE HE TNV
uAoTtroinon NG pueBddou TBR mTavw O0TO PHOVTEAO YIa va BEATIOTOTTOINCOOUME TNV TAEN
Tou. O1 d1adIkaoieg AUTEG €XOUV AVAAUBE AETTTOUEPWG OE TTPONyoUuEVa KEQAAQIA, Vi
auTtd KAl OTO Onueio autd TIG TTPOCTTEPVANE. OEAouPEe WOTOCO va oTaboupe OoTnV
TTOPATAENON TTOU KAVAME YIa TRV VOPPA TNG dIAQOPAGS TWV CUVAPTAOEWY HETAPOPAG
TWV HEIWPEVWY CUCTNPATWY Kal Tou apxlikou. MNMapatnpricape Aoimrév 0TI o€ KABe
eTTavaAnywn, 600 PeydAwve 10 TTANBOC Twv 181AJOUCWYV TINWY TTOU KPATOUCANE OTO
ouoTnua ,n vopua TnG dIaQOoPds TWV CUVAPTHOEWY HETAPOPAS £PBIve OUOAG TTPOG
TO0 INOEV. MOAIG TO 0@AAua TNG CUVAPTNONG HETAPOPAS TWV HEIWUEVWY CUCTANATWY
Kal TOU apxIKou Eetrépace 1o dITTAGCIO TOU aBpoiopaTtog Twv attokoupévwy Hankel
TIMWV OTAPATACAPE TNV TTEPIKOTT TWV KATACTACEWV TTOU E€ival TOUAAXIOTOV N
EAEYEINEG 1 WN TTAPATNPNOCIYEG KAl KATAPEPAPE VA TTAPAYOUPE TNV TAEN TOu VEOU
MovTEAOU.

MapakdTw TTAPOUCIACOUNE KATTOIEG TEAEUTAIEG AVATTAPACTACEIS TWV CUCTANATWY, TIG
OTTOIEG OEWPNOAUE ONUAVTIKEG va CUPTTEPIAGBOUUE yia TNV JIECaYWYH TWV TEAIKWV
OUUTTEPACPATWY. AvatTapioToUude oTnv idlIa  YPaPIKA TIG KUPATOMOP®YES TNG
ATTOKPIONG OUXVOTNTAG WG TTPOG T ouXvOTNTA TOU OPXIKOU KAl TOU EAATTWHEVOU
MovTéAou KdavovTag xprion mTpwTta TG ueBddou LRCF-ADI (Eikdveg 8.3, 8.4, 8.5, 8.6)
Kal €meITa TG peBodou EKSM (Eikoveg 8.7, 8.8, 8.9, 8.10) yia 4 e106d0ug wg 1Tpog 4
€€O00UG.
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Eikova 8.3: ATTOKpIon ouxvoTNTAG apXIKOU - TEAIKOU JOVTEAOU OUCTAPATOC YIa TRV 1N
€icodo pe Tnv LRCF ADI-TBR
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Eikova 8.4: ATrdkpion ouxvOoTnTag apxIKou - TEAIKOU HOVTEAOU CUCTANATOG YIa TNV 2N
€iocodo pe Tnv LRCF ADI-TBR

76/108



Input 3 to Cutput 1 Input 3 to Cutput 2
m 500 m 500
= e
o [ci]
2 7 r 2 3
(= E
% (= E 00
= =0
z g A==
B 120 = 0 B
o i o - —_
o -360 - i -360 E
T =540 = - & 720 - o o
10 10 10" 10" 10 10
Frequency (rad/s) Frequency (rad/z}
Input 3 to Cutput 3 Input 3 to Output 4
m 300 o 500
L2t GEd
L] i}
2 200 1 = 0 o
e e
c =
= g
< 100 = -._glil
= e ey
o e o S
0, = 3 wi]
o 45 s e oy
8 ¥ g el
&£ -90 - T -720
5 10 1 —
10 10 11 Original State-space Model
Frequency (rad/zs) — — Reduced State-space Model via LRCF AD-TBR

Eikova 8.5: Arékpion ouxvotnTag apxIkou - TEAIKOU HOVTEAOU CUCTANATOC VIa TRV 3N
€iocodo pe TNV LRCF ADI-TBR
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Eikdva 8.6: ATrokpion ouxvOoTnTag apxXIKoU - TEAIKOU HOVTEAOU CUCTANATOG VIO TNV 4N
€iocodo pe Tnv LRCF ADI-TBR
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Eikéva 8.7: ATTOKpion ouxvoTnTag apXIKou - TEAIKOU JOVTEAOU CUCTHHOTOG Yia TRV 1N
€icodo e TNV EKSM-TBR

Eikova 8.8: Arokpion ouxvOoTnTag apxIKou - TEAIKOU HOVTEAOU CUOTANATOG YIa TNV 2N
€icodo pe TNV EKSM-TBR
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Eikova 8.9: ATrdkpion ouxvOoTnTag apxIKou - TEAIKOU HOVTEAOU CUCTANATOG Yia TNV 3N
€icodo e TNV EKSM-TBR

Eikéva 8.10: Atrdékpion ouxvoTnTag apxIikou - TEAIKOU JOVTEAOU CUCTHUATOG VIO TNV
4n €icodo pe TNV EKSM-TBR
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210 Tedio magnitude OUYKPIVOUE TIG KUMOATOMOPQPEG TWV TPIWV CUCTNUATWY Kal
OIOTTIOTWOANE OTI CUMTTITITOUV Ol YPAPIKEG TOUG TTAPACTACEIG. TO YEYOVOG QUTO ival
TO AVAPEVOUEVO KABWG OTTWG avA@EPAUE KOl TTPONYOUUEVWS N CUUTTEPIPOPA TOU
ENATTWHPEVOU KUKAWMOTOG TTPETTEN va gival idla 1) apKETA OuOoIa PE AUTH TOU apXIKoU
KUKAWPATOG. ATTd TNV AAAN TTapaTnpAcApPe 0TI 0TV ACn TTPOKUTITOUV KATTOIO MIKPA
TPoBAAUaATA, Ta oTToia OpwG Oev pag TTPORANUATIOAV yiaTi YEVIKA cupfaivouv yia
HIKPG OUGTAATA TG0 UGANOV yia éva aUoTnua 280 x 280 pe ouvteAeoTég 10!

TéNOG TTapaBETOUE TOUG XpOvoug TTou pnoiuotroidnke n CPU atd 10 ouoTtnua
MOG yIa TV dNPIoUPYia TWV ATTAITOUPEVWY TTIVAKWY KOBWGS Kal TNV TINA TNG KAipakag
o€ KBt trepitrTwon (Mivakag 8.3).

Original Reduced EKSM Reduced LRCF-
ADI
Benchmark q =280 q = 280-43=237 g = 280-50=230
CPU t=9,641s t=3,526 s t=3,031 s

Mivakag 8.3: ZnUavTIKA OTOIXEIQ TOU PEIWPEVOU CUCTAUOTOG OE OXEON UE TO APXIKO

H 14¢n TOU apxIKOU CUCTAPATOG TTOU pag 660nke nrTave q = 280 evw o Xpdvog TTou
Xpnoiyotrololoe 10 cuotnua auté tnv CPU Artave 9,641 seconds (Eikéva 8.11).
Metad v e@apupoyl TnG TBR o0& ouvduaoud pe tnv péBodo EKSM kdavape
eNaYIOTOTTIOINCON TOU OUOTAMATOGC Of€ KAigaka g = 237 kai o xpoévog g CPU
BeATILWONKE oTa 3,526seconds (Eikova 8.12). NMapdAAnAa kavaue Tnv idia diadikaaoia,
epapudlovtag v TBR og ouvduaoud pe tnv péEBodo LRCF-ADI kal Trapatnpfiocape
OTI TO APXIKO oUOTNUA PeIWBNKe og kAipaka q=230 evw o xpovog NG CPU kaTéRnkKe
ota 3,031seconds(Eikova 8.13). Eivar trpo@avég Aoimtév 611 600 BeATILWVETAI N TAEN
TOU OUCTAPATOG TOOO BEATIWVOVTAI KAl Ol XPOVOI yIa TNV €EQYWYH TWV TTIVAKWY KAl
TNV TTPOCONOIWOCN TOU KUKAWUATOG.
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"Bl CouTime bl s

Creation of the original state-space model need: 9.641 seconds the CPL.

Eikéva 8.11: Xprjon CPU (o€ sec) TTapaywyng apxIkou JOVTEAOU OUCTHHOTOG

CpuTime | = | |-ah]

Creation of the state-space model through MOR algorithm EKSM-TER needs
3526 zeconds the CPU.

| ok |

Eikéva 8.12: Xprijon CPU (og sec) mapaywyns MEIWPEVOU POVTEAOU CUOTAPOTOG
Méow TNG EKSM -TBR

CpuTime = >

Creation of the state-zpace madel through MOR algarithm LRCF ADI-TER needs
3.03 zeconds the CPU.

Eikéva 8.13: Xprijon CPU (og sec) mmapaywyng MEIWPEVOU POVTEAOU OUOCTHPOTOG
péow TNS LRCF ADI-TBR

8.3 Maparnpnosig

2UPQWVA JE TN MEAETN KAl TIG DOKIYEG TTOU KAVAPE KATAPEPAUE VO PEIWOOUME TN
TAGEN TOU APXIKOU POVTEAOU CUCTAMATOS KABWCS Kal va EAAXIOTOTTOINCOUNE TO XPOVO
TIPOCOPOIWONG Tou yia PETETTEITA XPAoN. O TEAIKOG Jag oTOXOG ATaV va aTTodEiEoUUE
OTI N CUUTTEPIPOPA TOU EAATTWHEVOU KUKAWWATOG €ival idla 1 apKETA OOoIa PE AUTH
TOU OpPXIKOU KUKAWMPATOG. TO yeyovog autd atrodeixdBnke péow Twv dlaypauudTwy
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Bode kaBwg n atmmokpion ouxvoTnTag Tou TEAIKOU CUOCTHUATOG TTPOOEYYICEl QPKETA
TNV avTioTolxn atrOKPIon Tou apxIkoU povTéAou. Otav piIAdue BEBaia yia cuoTAPATa
TPETTEl va AdBoupe uttOYIvV Kal Toug TTOPOUG TOU YI auTO Kal €AAXIOTOTTOINCANE
TTAPAAANAQ Kal TO TTOOOOTO XPNOIYOTIOINONG TOUG O OXEON ME TO APXIKO HOVTENO.
Q¢ amoTtéAeopa ol atTaIthoeIg yia Xprion Tng CPU kal PvAPNG TTou xpeiadotav 1o
APXIKO KUKAWMATIKO HOVTEAO HEIWBNKaY o€ JeYAGAo BaBud.
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H oeAida auTr gival OKOTTIHA AEUKH.
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KEPAAAIO 9

EtriAoyog

2TV TTapouca OITTAWMATIKA epyacia peAeTrioape o€ BABOG TNV KaTnyopia Twv
MEBODdWYV uTtoBIBacuou TéENG poviédou MOR, o1 otroieg e@eupédnkav yia va
BeATILOOOUV TNV ATTOTEAECPATIKOTNTA TNG TIPOCOMOIWONG TwV TIOAU HEYAAWV
ouoTnuaTtwy. Eitrape 611 0 KUPIOG OTOXOG Twv PEBOdWV auTwv gival va Bpouve Eva
Melwpévng Tagng povtédo (ROM) TTou €xel TTapOUOIa CUPTTEPIPOPA £I00DOU-£EGO0U
ME TO APXIKO MOVTEAO WOTE va €ival EUKOAOTEPA DIAXEIPIOINO KAl va ATTOPEUYOVTAl
MEYAAQ TTOOOOTA XPOVOU Kal atmoOnKeuTIKoU XwpEou. AQou MPIAACAPE O€ YEVIKA
TAdiola yia 1Ic MOR peBOdOUG ETTIKEVIPWOAUE TO EVOIAQEPOV AG OTNV ATTODOTIKA
MéEBodO TBR, Tnv omoia kai uAoTroijoaue o€ ouvduaoud pe duo AAAeg e€ioou
onpavTikéG peBddoug NG karnyopiag ,Tnv LRCF-ADI kai Tnv EKSM.

MeAeTAioaue EexwpIloTd TNV KaBepia uEBOdO ot DIOPOPETIKY evOTNTA divovTag
TOV OpIOPd TNG KAl T KUPIQ XOPOKTNPEIOTIKA TnNG. Avo@EpaUe oav  KUplo
XOPOKTNPIOTIKO TNG MEBOdou TBR tnv 1816TNTa TNG va TTapdyel éva vEo, JIKPOTEPNG
d1dotaong MOVvTENO ouoTAUaTOG OGANG CouyXpOvwe va dlatnpei TIG OPXIKEG TOU
1I016TNTEG OTTWG TNV TTABNTIKOTATA, TV €EUCTABEIO Kal va TTapEXEl  UTTOAoyioIua opia
OQAAPOTOC. ZTNV ouvéxela avagepbnkaue oTic Low Rank pebddoug, LRCF-ADI kai
TNV EKSM, TIG OTT0iEG KI XPNOIMOTIOINCAKE OTO apXIKO 0TAdIO uAotToinong NG TBR
yla TOV UTTOAOYIONO Twv OITTAWV €€I0WOoewv Lyapunov Tou peydAou CUOCTHUATOG,
oivovtag w¢ Auon, xaunAng Taéng Ttrapayovieg Cholesky, Twv ypaupiavwv
dlavuopdtwy. Tovioape o611 n TAEN TNG AUONG TTOU TTAPAYOUV Ol CUYKEKPIMEVES
MEBODOI eival TTOAU MIKPR) O0€ OUYKPION WE TNV TIPAyMaATik Tng Ol1doTacn Kal
ETTOPEVWG ETTITPETTEI MIA KAAR TTPOCEYYION MECW TTAPAYOVIWY AUONG XaunAou
ETITTEOOU, ME OQTTOTEAECHA VA €XOUME onUavTiK PBeATiwon Kal €va Peydlo
TIAEOVEKTNUO OO0V AQOopPd TOV XWPO ATTOBNKEUONG Kal TNV UTTOAOYIOTIKA TaxUTnTaA.

Mepiypdwape €1miong TOV OPICKO UIAG TUTTIKAG TTPOCOMOIWONG, TI XPEIAZETal
KAl TTwG MTTOPOUPE VA  HPOVTEAOTTOINCOUPE TO KUKAWHPO paAG atmmd TO OpPXEio
TEPIYPAPAG KUKAWMATOG TTOU HaG dwBNKe, aAA& Kal  va TO OTTAOTTOINOOUME OTNV
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ouvéxela kavovtag xprnion tng peBGdou TBR  woTe va AuBei 10 ouoTnua TToAU
ypnyopotepa ot OXEon ME TO APXIKO. TEAOGC avoAUCOUE TA ATTOTEAEOMPATA TOU
aAyopiBuou TBR T1oU TTApOUE atTO TA ApXEia TTEPIYPAPAG KUKAWHPATWY KAVOVTOG
XpAon Kal Twv duo Low Rank pebddwv TToU UAOTTOINCANE WOTE VO UTTOPECOUME va
aglohoynnooupe TNV TBR w¢ ouUvoAo. Méoa amd T1a Tmeipduata TTou TPEEQUE
TTOPATNPACAUE TTWG N CUVAPTNON PETAPOPAS TTOU APXIKOU KUKAWUATOG TTPOCEYYICEl
o€ TIOAU peydAo PBaBud tnv ouvdptnon METOPOPAC TOU METETTEITA EAQATTWHEVOU
KUKAWMPOTOG, TTpdyua TTou OIKAIOAOYEI TO YeEYovog OTI Bewpeital pia Atmo TIG
ATTOOOTIKOTEPEG HEBODOUG EANATWONG TAENG CUCTANOTOG.

9.1 MeAAOVTIKEG ETTEKTACEIG
Mia mOavi eTTéKTAoN OTNV TTAPOUCa £pyadia Ba PuTTopoucE va eivai:
e H avamru¢n KatdAANAwv peBOdWV aTTOBRKEUONG TWV TIPOCEYYIOTIKWY

TNVAKWY XPNOIYOTTOIWVTAG OOUEG aPAIWV TTIVAKWV.

e H ulotoinon Twv Low Rank peBddwv o€ TTapAAANAEG APXITEKTOVIKEG .

O1 kKwdIKEG Kal Twv TPIWV oAyopiBuwyv civar dlaBéoiyol, yia TNV AQWn TOUug
ETTIKOIVWVNOTE O€ KATTOIO OTTO0 Ta TTApaKATw mail: mardiama@uth.gr, alrosi@uth.gr
,rosi@uth.gr
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